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Chapter 1

Dependence Logic

Dependence logic introduces the concept of dependence into first order
logic by adding a new kind of atomic formula. We call these new atomic
formulas atomic dependence formulas. The definition of the semantics
for dependence logic is reminiscent of the definition of the semantics for
first order logic. But instead of defining satisfaction for assignments, we
follow [12] and jump one level up considering sets of assignments. This
leads us to formulate the semantics of dependence logic in terms of the
concept of the type of a set of assignments.

The reason for the transition to a higher level is, roughly speaking,
that one cannot manifest dependence, or independence for that matter,
in a single assignment. To see a pattern of dependence one needs a
whole set of assignments.

This is because dependence notions can be best investigated in a con-
text involving repeated actions by agents presumably governed by some
possibly hidden rules. In such a context dependence is manifested by
recurrence, and independence by lack of it.

Our framework consists of three components: teams, agents, and features.
Teams are sets of agents. Agents are objects with features. Features are
like variables which can have any value in a given fixed set.

Although our treatment of dependence logic is entirely mathematical,
our intuition of dependence phenomena comes from real life examples,
thinking of different ways dependence manifests itself in the real world.
Statisticians certainly have much to say about this but when we go
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deeper into the logic of dependence we see that the crucial concept is de-
termination, not mere dependence. Another difference with statistics is
that we study total dependence, not statistically significant dependence.
It would seem reasonable to define probabilistic dependence logic, but
we will not go into that here.

1.1 Examples and a Mathematical Model for Teams

In practical examples a feature is anything that can be in the domain of
a function: color, length, weight, prize, profession, salary, gender, etc.
To be specific, we use variables xg, x1, ... to denote features. If features
are variables then agents are assignments. When we define dependence
logic, we use the variable x;, to refer to the value s(x,,) of the feature x,,
in an agent s.

1. Consider teams of soccer players. In this case the players are the
agents. The number of the player as well as the colors of their
shirts and pants are the features, denoted by variables xg, x1, T,
respectively. Teams are sets of players in the usual sense of the word
“team.” Figure 1.1 depicts a team. If we counted only the color of

(player) | (shirt) | (pants)
Lo T T2
So 1 yellow | white
S1 2 yellow | white
S9 3 yellow | white
S3 4 yellow | white
S4 5 red white
Sk 6 red black
Sg 7 red black

Figure 1.1: Soccer players as a team.

the players’ shirts and pants as features, we would get the generated
team of three agents depicted in Figure 1.2.

2. Databases are good examples of teams. By a database we mean
in this context a table of data arranged in columns and rows. The
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(shirt) | (pants)

T T2
so | yellow | white
S1 red white
So red black

Figure 1.2: A generated team.

columns are the features, the rows are the agents, and the set con-
sisting of the rows is the team. In database theory the columns are
often called fields or attributes, and the rows are called records or
tuples. Figure 1.3 is an example of a database. If the row number (1
to k in Figure 1.3) is counted as a feature, then all rows are differ-
ent agents. Otherwise rows with identical values in all the features
are identified, resulting an a team called the generated team, i.e.
the team generated by the particular database. Figure 1.4 depicts a
database, arising from a game, and the generated team.

Fields
Record | z; ‘ To ‘ ‘ Ty
1 52 24 1
2 68 | 362 | ... | O
3 11 | 7311 | ...
k 101 43 1

Figure 1.3: A database.

. The game history team: Imagine a game where players make moves,
following a strategy they have chosen with a certain goal in mind. We
are thinking of games in the sense of von Neumann and Morgenstern
“Theory of Games and Economic Behavior” [29]. Examples of such
games are board and card games, business games, games related to
social behavior, etc. We think of the moves of the game as features. If
during a game 350 moves are made by the players, then we have 350
features. Plays, i.e. sequences of moves of the game that comprise
an entire play of the game, are the agents. Any collection of plays is
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a team. A team may arise for example as follows: Two players play
a certain game 25 times thus producing 25 sequences of moves. A
team of 25 agents is created.

[t may be desirable to know answers to the following kinds of ques-
tions:

(a) What is the strategy that a player is following, or is he or she
following any strategy at all?

(b) Is a player using information about his or her (or other players’)
moves that he or she is committed not to use? This issue is closely
related to game-theoretic semantics of dependence logic treated
in Chapter 3.

The following game illustrates how a player can use information that
may be not admitted: There are two players I and I1. Player I starts
by choosing an integer n. Then II chooses an integer m. After this
IT makes another move and chooses, this time without seeing n, an
integer [. So player II is committed to choose [ without seeing n
even if she saw n when she picked m. One may ask, how can she
forget a number she has seen once, but if the number has many
digits this is quite plausible. Player IT wins if [ > n. In other words,
II has the impossible looking task of choosing an integer [ which is
bigger than an integer n that she is not allowed to know. Her trick,
which we call the signalling-strategy, is to store information about n
into m and then choose [ only on the basis of what m is. Figure 1.4
shows an example of a game history team in this game. We can see
that player II has been using the signalling-strategy. If we instead
observed the behavior of Figure 1.5, we could doubt whether II is
obeying the rules, as her second move seems clearly to depend on
the move of I which she is not supposed to see.

. Every formula ¢(z1, ..., x,) of any logic and structure M together
give rise to the team of all assignments that satisfy ¢(x1, ..., z,) in
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Play | I II 1II
1 1 1 2 —
2 40 40 41 0 L 2
So | 0 0 1
3 2 2 3
S| 1 1 2
4 0 0 1
. . . 5 So | 2 2 3
6 5 5 3 Ss | 40 40 41
- 0 10 4 S, | 100 100 101
8 | 100 100 101

Figure 1.4: A game history and the generated team.

Play | I II 1II
1 1 0 2 —
2 40 0 41 0 ! 2

so|l 0 0 1
3 2 0 3

S1 1 0 2
4 0 0 1
. L o0 o ss| 2 0 3

s3 | 40 0 41
6 203 sq | 100 0 101
7 40 0 41 4
8 | 100 0 101

Figure 1.5: A suspicious game history and the generated team.

M. In this case the variables are the features and the assignments
are the agents. This (possibly quite large) team manifests the de-
pendence structure ¢(x1, ..., x,) expresses in M. If ¢ is the first
order formula xy = x1, then ¢ expresses the very strong dependence
of x1 on xp, namely of z; being equal to xy. The team of assign-
ments satisfying o = x7 in a structure is the set of assignments s
which give to zy the same value as to 1. If ¢ is the infinitary formula
(2o = 21)V(T0- 20 = 1) V(20 -0 29 = x1) V..., then ¢ expresses the
dependence of z1 on xq of being in the set {xq, ¢ -z, zo- zo- 0, ... }.
See Figure 77.

. Every first order sentence ¢ and structure M together give rise to
teams consisting of assignments that arise in the semantic game (see
Section 3.1) of ¢ and M. The semantic game is a game for two
players I and II, in which I tries to show that ¢ is not true in M,
and IT tries to show that ¢ is indeed true in M. The game proceeds
according to the structure of ¢. At conjunctions player I chooses
a conjunct. At universal quantifiers player I chooses a value for
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the universally bound variable. At disjunctions player II chooses
a disjunct. At existential quantifiers player IT picks up a value for
the existentially bound variable. At negations the players exchange
roles. Thus the players build up move by move an assignment s.
When an atomic formula is met, player II wins if the formula is
true in M under the assignment s, otherwise player I wins. See
Section 3.1 for details. If M | ¢ and the winning strategy of 11
is 7 in this semantic game, a particularly interesting team consists
of all plays of the semantic game in which II uses 7. This team is
interesting because the strategy 7 can be read off from the team. We
can view the study of teams of plays in this game as a generalization
of the study of who wins the semantic game. The semantic game of
dependence logic is treated in Chapter 3.

We now give a mathematical model for teams:

Definition 1 An agent is any function s from a finite set dom(s)
of variables, also called features, to a fized set M. The set dom(s)
15 called the domain of s, and the set M is called the codomain of
s. A team s any set X of agents with the same domain, called
the domain of X and denoted by dom(X), and the same codomain,
likewise called the codomain of X. A team with codomain M 1is called
a team of M. If V is a finite set of variables, we use Team(M, V)
to denote the set of all teams of M with domain V.

Since we have defined teams as sets, not multisets, of assignments,
one assignment can occur only once in a team. Allowing multisets would,
however, change nothing essential in this study:.

1.2 Formulas as Types of Teams

We define a logic which has an atomic formula for expressing depen-
dence. We call this logic the dependence logic and denote it by
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D. We will later in Section 1.6 recover independence friendly logic as a
fragment of dependence logic.

In first order logic the meaning of a formula is derived from the con-
cept of an assignment satisfying the formula. In dependence logic the
meaning of a formula is based on the concept of a team being of the
(dependence) type of the formula.

Recall that teams are sets of agents (assignments) and that agents
are functions from a finite set of natural numbers, called the domain
of the agent into an arbitrary set called the codomain of the agent
(Definition 1). In a team the domain of all agents is assumed to be
the same set of natural numbers, just as the codomain of all agents is
assumed to be the same set.

Our atomic dependence formulas have the form =(t4, ..., t,). The in-
tuitive meaning of this is “the value of the term ¢,, depends only on the
values of the terms t1,....;t,_1.” As singular cases we have =(), which
we take to be universally true, and =(t¢), which declares that the value
of the term t depends on nothing, i.e. is constant. Note that =(x1) is
quite non-trivial and indispensable if we want to say that all agents are
similar as far as feature z; is concerned. Such similarity is manifested
by the team of Figure 1.5, where all agents have value 0 in their feature
1.

Actually, our atomic formulas express determination rather than de-
pendence. The reason for this is that determination is a more basic
concept than dependence. Once we can express determination, we can
define dependence and independence. Already dependence logic has
considerable strength. Further extensions formalizing the concepts of
dependence and independence are even stronger, and in addition lack
many of the nice model-theoretic properties that our dependence logic
enjoys. We will revisit the concepts of dependence and particularly in-
dependence later below.

Definition 2 Suppose L is a vocabulary. If t1,...,t, are L-terms



Cambridge University Press 2007

and R is a relation symbol in L with arity n, then strings t; =
tj,=(t1,...,tn),Rt1...t,, are L-formulas of dependence logic D. They
are called atomic formulas. If ¢ and ¢ are L-formulas of D, then
(V) and =¢ are L-formulas of D. If ¢ is an L-formula of D and
n € N, then Jx,¢ is an L-formula of D.

As is apparent from Definition 2, the syntax of dependence logic D
is very similar to that of first order logic, the only difference being the
inclusion of the new atomic formulas =(t1,...,t,). We use (¢ A ) to
denote —=(—¢ V =), (¢ — 1) to denote (—¢ V 1), (¢ <> 1) to denote
(¢ — ) A (Y — ¢)), and Vz,¢ to denote =3x,—¢. A formula
of dependence logic which does not contain any atomic formulas of the
form =(t1, ..., t,,) is called first order. The veritas symbol T is definable
as =().

The set Fr(¢) of free variables of a formula s is defined otherwise as
for first order logic, except that we have the new case Fr(=(ty, ..., t,)) =
Var(t;) U ... U Var(t,). If Fr(¢) = 0, we call ¢ an L-sentence of depen-
dence logic.

We define now two important operations on teams, the supplement
and the duplication operations. The supplement operation adds a new
feature to the agents in a team, or alternatively changes the value of an
existing feature.

Definition 3 If M s a set, X 1is a team with M as its codomain
and F © X — M, we let X(F/x,) denote the supplement team
{s(F(s)/x,):s € X}.

A duplicate team is obtained by duplicating agents of a team until all
possibilities occur as far as a particular feature is concerned.

Definition 4 If M is a set, X a team of M we use X(M/x,) to
denote the duplicate team {s(a/x,) :a € M,s € X}.

We are ready to define the semantics of dependence logic:
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Definition 5 Let the set T be the smallest set that satisfies:
El (t; = to, X,1) € T iff for all s € X we have t{'(s) = t31(s).

E2 (t; = t2, X,0) € T iff for all s € X we have t{'(s) # t34(s).
E3 (=(t1,....,tn), X, 1)) € T iff for all s,s" € X such that
E{s) = B(S") oo, () = £, ('), we have 1(s) = 45",
E4 (=(ty,....,t,), X,0) € T iff X =0.
E5 (Rty..t,, X, 1) € T iff for all s € X we have (t{*(s),...,t}"(s)) €
RM.,
E6 (Rty...t,, X,0) € T iff for all s € X we have (t{*(s),...,t}"(s)) ¢
RM.

E7 (o VY, X, 1) €T iff X =Y U Z such that dom(Y) = dom(Z),
(¢, Y, 1) €T and (v, Z,1) € T.

E8 (¢ V1, X,0) €T iff (¢,X,0) € T and (v, X,0) € T.
E9 (—¢, X,0) € T iff (¢, X,1) € T.
E10 (—¢, X, 1) € T iff (¢,X,0) € T.

E11 (Jz,¢0, X, 1) € T iff (¢, X(F/x,),1) € T for some F : X —
M.

E12 (32,6, X,0) € T iff (¢, X(M/x,),0) € T.

We define X is of type ¢ in M, denoted M =x ¢ if (¢, X,1) € T.
Furthermore, ¢ is true in M, denoted M |= ¢, if M =y ¢, and
¢ is valid, denoted = ¢, if M = ¢ for all M.

Note that,
M ):X _'¢ if (¢7X7O)€T
ME-¢ if (¢,{0},0) € 7. Then we say that ¢ is false in M.

We will see in a moment that it is not true in general that (¢, X, 1) € T
or (¢, X,0) € T. Likewise it is not true in general that M | ¢ or
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M E ¢, nor that M = ¢ V —¢. In other words, no sentence can be
both true and false in a model but some sentences can be neither true
nor false in a model. This gives our logic a nonclassical flavor.

Example 6 Let M be a structure with M = {0,1}. Consider the

team
Lo | Ty | T2 | T3
sop| 01 0| 0] 1
s11 110|170
So| 01 0] 0] 1

This team is of type =(x1), since si(x1) = 0 for all i. This team is
of type xg = 2, as s;(xg) = s;(xa) for all i. This team is of type
—xo = T3, a$ Si(xg) # si(x3) for alli. This team is of type =(xg, 1),
as si(xo) = sj(xo) implies si(x3) = sj(x3). This team is not of type
=(x1,22), as so(x1) = s1(x1), but so(xa) # si(wa). Finally, this
team is of type =(xy) V =(xg) as it can be represented as the union
{s0, 82} U{s1}, where {so, s2} and {s1} both are of type =(xy).
Note that
o (pNY, X, 1)eTiff (¢, X,1) €T and (¢, X, 1) € T.
o (0N, X,0) € Tiff X =Y UZ such that dom(Y) = dom(Z),
(0,Y,0) € T and (¢, Z,0) € T.
o (Vr,0,X,1) e T iff (¢, X(M/x,),1) € T.
o (Vr,0,X,0) e T iff (¢, X(F/x,),0) € T for some F : X — M.
It may seem strange to define (D4) as (=(t1, ...,t,),0,0) € 7. Why
not allow (=(t1, ..., t,), X,0) € T for non-empty X7 The reason is that
if we negate “for all s,s" € X such that t1(s) = t(s),.. tM (s) =
tM (5", we have tM(s) = tM(s'),” maintaining analogy with (D2) and
(D6), we get “for all s,s" € X we have t!M(s) = tM(s/),.. . tM (s) =
tM (s") and tM(s) # tM(s").” which is only possible if X = ().
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Some immediate observations can be made using Definition 5. We first

note that the empty team () is of the type of any formula, as (¢,0,1) € T
holds for all ¢. In fact:

Lemma 7 For all ¢ and M we have (¢,0,1) € T and (¢,0,0) € T.

Proof. Inspection of definition 5 reveals that all the necessary impli-
cations hold vacuously when X = ().0J

In other words, the empty team is for all ¢ of type ¢ and of type —¢.
Since the type of a team is defined by reference to all agents in the team,
the empty team ends up having all types, just as it is usually agreed
that the intersection of an empty collection of subsets of a set M is the
set M itself. A consequence of this is that there are no formulas ¢ and
Y of dependence logic such that M Ex ¢ implies M }£x 9, for all M
and all X. Namely, letting X = () would yield a contradiction.

The following test is very important and will be used repeatedly in
the sequel. Closure downwards is a fundamental property of types in
dependence logic.

Proposition 8 (Closure Test) Suppose Y C X. Then M Ex ¢
implies M Ey ¢.

Proof. Every condition from E1 to E12 is closed under taking a subset
of X. Soif (¢, X,1) €7 and Y C X, then (¢,Y,1) € 7. I

The intuition behind the Closure Test is the following: To witness
the failure of dependence we need a counterexample, two or more as-
signments that manifest the failure. The smaller the team the fewer
counterexamples. In a one-agent team no counterexample to depen-
dence is any more possible. On the other hand, the bigger the team,
the more likely it is that some lack of dependence becomes exposed. In
the maximal team of all possible assignments no dependence is possible,
unless the universe has just one element.

Corollary 9 There is no formula ¢ of dependence logic such that
for all X # 0 and all M we have M Ex ¢ <= M fx =(xq, 21).
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Proof. Suppose for a contradiction M has at least two elements a, b.
Let X consist of s = {(xg,a), (x1,a)} and " = {(x¢, a), (x1,b)}. Now
M Fx =(x0,21), s0o M f=x ¢. By Closure Test, M =, ¢, whence
M g =(w0, 21). But this is clearly false. [

We can replace “all M” by “some M with more than one element in
the universe” in the above corollary. Note that in particular we do not

have for all X #£ 0: M Ex ~=(xg,11) < M {x =(x0, 11).

Example 10 Fvery team X, the domain of which contains x; and
x; is of type x; = x; V ~x; = x5, as we can write X =Y U Z, where
Y ={se X :s(z;) =s(x;)} and Z ={s € X : s(x;) # s(x;)}. Note
that then Y is of type x; = x;, and Z 1is of type x; # x;.

[t is important to take note of a difference between universal quan-
tification in first order logic and universal quantification in dependence
logic. It is perfectly possible to have a formula ¢(x() of dependence
logic of the empty vocabulary with just xy free such that for a new con-
stant symbol ¢ we have |= ¢(c) and still £ Vagp(xg), as the following
example shows. For this example, remember that =(x1) is the type “x;
is constant” of a team in which all agents have the same value for their
feature xy.

Example 11 Suppose M is a model of the empty' vocabulary with
at least two elements in its domain. Let ¢ be the sentence Jx1(=(x1)A
c = x1) of dependence logic. Then

(M, a) E Fz1(=(x1) A c = xq) (1.1)

for all expansions of (M, a) of M to the vocabulary {c}. To prove
(1.1) suppose we are given an element a € M. We can define
F,(0) = a and then (M, a) Fu .o (=(@1) A c = x1), where we
have used {0} (F,/x1) = {{(z1,a)}}. However M [~ VroIxi(=(x1)A
vo = w1). To prove this suppose the contrary, that is M =g

1The empty vocabulary has no constant, relation or function symbols. Structures for the empty vocabulary consists of merely a
non-empty set as the universe.
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Vaodr(=(z1) Az = 21). Then M F{(zp.a)}:acrry IT1(=(21) A 19 =
r1), where we have written {D}(M/xy) out as {{(x¢,a)} : a € M}.
Let F - {{(xp,a)} :a € M} — M such that M ):{{(xo,a),(xl,G(a))}:aEM}
(=(z1) N zg = x1), where G(a) = F({(xg,a)}) and {{(xg,a)} : a €
M}Y(F/z1) has been written as {{(zg,a), (r1,G(a))} :a € M}. In
particular M F={(z0.0),(21,G(a)) }:acM} =(T1), which means that F' has
to have a constant value. Since M has at least two elements, the

fact M E{{(20.0).(x1,G(a)}:ae M} To = 1 contradicts (D1).

Exercise 1 Suppose L = {R}, #1(R) = 2. Show that every team
X, the domain of which contains x; and x; is of type Rx;x;V-Rx;x;.

Exercise 2 Let M = (N, +,-,0,1). Which teams X € Team(M, {xy, r1})
are of type (a) =0, z0 + 22), (b) =(z0- 0,1 - 1)

Exercise 3 Let L be the vocabulary {f,g}. Describe teams X €
Team (M, {xo, x1,x2}) of type (a) =(xo, x1,22), (b) =(x0, x0, T2).

Exercise 4 Let M = (N, +,-,0,1) and X,, = {{(0,a),(1,0)} : 1 <
a <n,1 <b<n,a<b} Show that X; is of type =(xy + x1, T -
x1,x0). This is also true for X,, for any n, but is slightly harder to
prove.

Exercise 5 For which of the following formulas ¢ it is true that for
(=(zo, 21) A ~x0 = 71)
all X 7é 0: M ):X _'Qb — M i;éX gb (:(33'0,331) — Ty = 331)

(:(l’o, il?l) V Xy = £U1)

Exercise 6 ([12]) This exercise shows that the Closure Test is the
best we can do. Let L be the vocabulary of one n-ary predicate
symbol R. Let M be a finite set and m € N. Suppose S is a set
of assignments of M with domain {x1, ..., x,} such that S is closed
under subsets. Find an interpretation RM C M™ and a formula ¢
of D such that a team X with domain {xy,...,x} is of type ¢ in

M if and only if X € S.
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Exercise 7 Use the method of [3], mutatis mutandis, to show that
there 1s no compositional semantics for dependence logic in which
the meanings of formulas are sets of assignments (rather than sets
of teams) and which agrees with Definition 5 for sentences.

1.3 Logical Equivalence

The concept of logical consequence and the derived concept of logical
equivalence are both defined below in a semantic form. In first order
logic there is also a proof theoretic (or syntactic) concept of logical
consequence and it coincides with the semantic concept. This fact is
referred to as the Godel Completeness Theorem. In dependence logic we
have only semantic notions. There are obvious candidates for syntactic
concepts but they are not well understood yet. For example, it is known
that the Godel Completeness Theorem fails badly (see Section 2.5).

Definition 12 ¢ is a logical consequence of ¢, ¢ = 1, if for all
M and all X with dom(X) D Fr(¢) U Fr(¢) and M Ex ¢ we have
M Ex Y. Y is a strong logical consequence of ¢,0 =* 1, if for
all M and for all X with dom(X) D Fr(¢) U Fr(¢) and M Ex ¢
we have M Ex ¥, and all X with dom(X) D Fr(¢) U Fr(v) and
M Ex = we have M Ex —¢. 1 is logically equivalent with ¢,
o=, if o = Y and Y = ¢. ¥ 1s strongly logically equivalent with
O, O =", if p ="V and Y =7 ¢.

Note that ¢ =* v if and only if ¢ = 1 and —) = —¢. Thus the
fundamental concept is ¢ = 1 and ¢ =" 9 reduces to it. Note also that
¢ and 1 are logically equivalent if and only if for all X with dom(X) 2
Fr(¢) U Fr(v) (¢, X, 1) € T if and only if (¢, X, 1) € T, and ¢ and
are strongly logically equivalent if and only if for all X with dom(X') D
Fr(¢) U Fr(v) and all d, (¢, X,d) € T if and only if (¢, X, d) € T.

We have some familiar looking strong logical equivalences in proposi-
tional logic, reminiscent of axioms of semigroups with identity. In the
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following lemma we group the equivalences according to duality:

Lemma 13 The following strong logical equivalences hold in depen-
dence logic:

1. —¢p="0¢
2.(a) (pANT)="¢
(b) (Vv T)=*T

(

3.(a) (6 A) = (& A 9)

(b) (6 V) = (Vo)

4.(0) (DAY NO=" G A (A6

(6) (SVY)VO=" ¢V (V)

5.(a) ~(6 V) =* (~d A )
(b) ~(6 A ) =* (~dV =)

Proof. We prove only Claim (iii) (b) and leave the rest to the reader.
By (E8), (¢, X,0) € T if and only if ((¢, X,0) € 7 and (¢, X,0) €
7) if and only if (¢ V ¢, X,0) € T. Suppose then (¢ V¢, X, 1) € T.
By (E7) there are Y and Z such that X =Y U Z, (¢,Y,1) € T and
(v, Z,1) e T. By (D7), (¥Vo, X, 1) € T. Conversely, if (YV¢, X, 1) €
7, then there are Y and Z such that X =Y U Z, (¢,Y,1) € T and
(6, Z,1) € T. By (D7), (6 V4, X,1) € T.00

However, many familiar propositional equivalences fail on the level of
strong equivalence, in particular the Law of Excluded Middle, weakening
laws, and distributivity laws. See Exercise 8.

We have also some familiar looking strong logical equivalences for
quantifiers. In the following lemma we again group the equivalences
according to duality:

Lemma 14 The following strong logical equivalences and conse-
quences hold in dependence logic:
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1.(a) 3z, Fr,¢ =" 2,320
(b) Ve, Nr,o = Ve, Va,o

2.(a) Iz, (P V) =* (Fx,0 V x,0)
(0) VEn (¢ AY) =" (Yaud A Vi)
3.(a) 3z, =* Va,—¢
(b) ~Vr,¢ =* Jx,~¢

4.(a) ¢ = Jx,0
(b) Vo =* ¢

A useful method for proving logical equivalences is the method of sub-
stitution. In first order logic this is based on the strong compositionality?
of the semantics. The same is true for dependence logic.

Definition 15 Suppose 0 is a formula in the vocabulary L U {P},
where P is an n-ary predicate symbol. Let Sb(6, P, ¢(xy, ..., ,)) be
obtained from 6 by replacing Pty...t, everywhere by ¢(t1,...,t,).

Lemma 16 (Preservation of equivalence under substitution)
Suppose ¢o(xy,...,x,) and ¢1(x1,...,x,) are L-formulas of depen-
dence logic such that ¢o(x1, ..., x,) =* ¢1(x1, ..., x,). Suppose 0 is a
formula in the vocabulary L U{ P}, where P is an n-ary predicate

symbol. Then Sb(0, P, ¢o(x1, ..., x,)) =" Sb(0, P, p1(x1, ..., ).

Proof. The proof is straightforward. We use induction on 6. Let us
use Sby(6) as a shorthand for Sh(6, P, ¢g).

Atomic case. Suppose 0 is Rty...t,. Now Sby(f) = ¢4. The claim
follows from ¢y =" ¢1.

Disjunction. Note that Shy(¢ V 1) = Sby(¢) V Sby(1)). Now (Sba(¢ V
V), X,1) € T if and only if (Sby(¢) V Sbe(v), X, 1) € T if and only
if (X =Y U Z such that (Shy(¢),Y,1) € T and (Shy(v), Z,1) € T).

2In compositional semantics, roughly speaking, the meaning of a compound formula is completely determined by the way the
formula is built from parts and by the meanings of the parts.
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By the induction hypothesis this is equivalent to (X = Y U Z such

that (Sby_q(¢),Y,1) € T and (Sby_4(¥), Z,1) € T) i.e. (Sby_4(¢) V

Sby_q(), X, 1) € T, which is finally equivalent to (Sby_4(¢V1)), X, 1) €

7. On the other hand, (Sby(¢ V ¥), X,0) € T if and only if (Sby(¢) V

Shy(1), X, 0) € T if and only if ((Sby(¢), X,0) € T and (Shy(v), X,0) €

7). By the induction hypothesis this is equivalent to (Shy_4(¢), X, 0) €

7 and (Sby_4(v), X,0) € T) ie. (Sby_4(¢) V Sby_4(¥), X,0) 6 7,

which is finally equivalent to (Sby_4(¢ V 9), X,0) € 7.

Negation. Sbe(—¢) = = She(¢). Now (Sb.(—¢), X, d) € T if and only

if (—She(¢),X,d) € T, which is equivalent to (Sb.(¢), X,1 —d) €

7. By the induction hypothesis this is equivalent to (Sby_.(¢), X, 1 —

d) € T ie. (—Sby_.(¢), X,d) € T, and finally this is equivalent to
(Sbl—e(_'(b)v X, d) S

FEzistential quantification. Note that Sby(dz,¢) = 3z, Sby(d). We

may infer, as above, that (Sby(3x,¢), X, 1) € 7 if and only if (3z,, Sby(¢), X,
1) € T ifand only if: thereis F' : X — M such that (Sby(¢), X (F/x,),1)

€ 7. By the induction hypothesis this is equivalent to: there is F' :

X — M such that (Sby_4(¢), X (F/x,),1) € T ,ie.to (Ix, Shi_q(¢), X, 1) €

7, which is finally equivalent to (Sby_4(3z,¢), X, 1) € 7. On the other

hand, (Sby(Jz,¢), X,0) € 7T if and only if (3x, Shy(¢), X,0) € T, if

and only if ((Sbg(¢), X(M/x,),0) € T. By the induction hypothesis

this is equivalent to (Sby_q(¢), X (M /x,),0) € T, i.e. (3, Sb1_q(¢), X, 0) €

7, which is finally equivalent to (Shy_4(Jz,¢), X,0) € 7. O

We will see later (see Section 5.3) that there is no hope of explaining
¢ = 1 in terms of some simple rules. There are examples of ¢ and
such that to decide whether ¢ = 1 or not, one has to decide whether
there are measurable cardinals in the set theoretic universe. Likewise,
there are examples of ¢ and 1) such that to decide whether ¢ = 1, one
has to decide whether the Continuum Hypothesis holds.

We examine next some elementary logical properties of formulas of
dependence logic. The following lemma shows that the truth of a formula
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depends only on the interpretations of the variables occurring free in the
formula. To this end, we define X[V to be {s[V :s € X}.

Lemma 17 Suppose V' DO Fr(¢). Then M [Ex ¢ if and only if
M Exv ¢.

Proof. Key to this result is the fact that tM(s) = t"(s]V) whenever
Fr(t) € V. We use induction on ¢ to prove (¢, X,d) € T <=
(9, XV,d) € T whenever Fr(¢) C V. If ¢ is atomic, the claim is

obvious, even in the case of =(t1, ..., t,).

Disjunction. Suppose (¢ V i, X,1) € 7. Then X = Y U Z such
that (¢,Y,1) € 7 and (v, Z,1) € 7. By the induction hypothesis
(0, YIV,1) € T and (¢, Z|V,1) € T. Of course, X [ V = (Y |
VIU(Z [ V). Thus (¢ Vo, X[V, 1) € T. Conversely suppose (¢ V
Y, X[V,1) € T. Then X [V =Y U Z such that (¢,Y,1) € 7 and
(¢, Z,1) € T. Choose Y and Z' such that Y[V =Y Z'IV = Z.
and X = Y' ' UZ'" Now we have (¢,Y',)1) € T and (¢,2',1) €
7 by the induction hypothesis. Thus (¢ V ¢, X,1) € 7. Suppose
then (¢ V ¢, X,0) € 7. Then (¢, X,0) € 7 and (¢, X,0) € 7.
By the induction hypothesis (¢, X [V,0) € 7 and (¢, X[V,0) € T.
Thus (¢ V ¢, XTV,0) € T. Conversely, suppose (¢ V b, X[V,0) € T,
Then (¢, X [V,0) € T and (¢, XV,0) € T. Now (¢, X,0) € 7 and
(v, X,0) € T by the induction hypothesis. Thus (¢ V ¢, X,0) € 7.
Negation. Suppose (=¢, X,d) € T. Then (¢, X,1 —d) € T. By the
induction hypothesis (¢, X[V, 1 —d) € T. Thus (—¢, X[V,d) € T.
Conversely, suppose (—¢, X[V,d) € 7. Then (¢, X[V,1 —d) € T.
Now we have (¢, X,1 — d) € T by the induction hypothesis. Thus
(—@7 X, d) eT.
FEzistential quantification. Suppose (Jx,, X,1) € 7. Then there
is ' : X — M such that (¢, X(F/x,),1) € 7. By the induction
hypothesis (¢, X (F/z,)[W,1) € T, where W = V U {n}. Note that,
X(F/x )W = (X[V)(F/xy,). Thus (Fz,¢, X[V, 1) € T. Conversely,
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suppose (¢, X[V, 1) € 7. Then there is F': X[V — M such that
(o, (X V) (F/xy,),1) € T. Again, X (F/x,)[W = (X|V)(F/z,), thus
by the induction hypothesis, (¢, X (F/x,),1) € T, ie. (Jx,0, X, 1) €
7.

O

In the next Lemma we have the restriction, familiar from substitution
rules of first order logic, that in substitution no free occurrence of a
variable should become a bound.

Lemma 18 (Change of free variables) Let the free variables of
¢ and Y be x1,...,x,. Let iy,....1, be distinct. Let ¢ be obtained
from ¢ by replacing x; everywhere by x;;, where j =1,...n. If X
is an assignment set with dom(X) = {1,...,n}, let X' consist of
the assignments x;. — s(z;), where s € X. Then M [y ¢ <=

M =xr ¢

Finally, we note the important fact that types are preserved by iso-
morphisms:

Lemma 19 (Isomorphism preserves truth) Suppose M = M’,
If €D, then M | ¢ <— M | ¢.

Exercise 8 Prove the following non-equivalences :
L(a) gV —p 2 T
(b) pN—¢pZE =T, but pAN—¢p=-T
2. (¢ N o) ?é ¢; but (p N ¢) = ¢
3.(oV o) #
4. (¢V¢)A9?§ (@NO)V (¥ AD)
5. (@NY)VOE (9VO)A (V0O

Note that each of these non-equivalences is actually an equivalence
in first order logic.
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1.4 First Order Formulas

Some formulas of dependence logic can be immediately recognized as
first order by their mere appearance. They simply do not have any oc-
currences of the dependence formulas =(t1, ..., t,) as subformulas. We
then appropriately call them first order. Other formulas may be appar-
ently non-first order, but turn out to be logically equivalent to a first
order formula. Our goal in this section is to show that for apparently
first order formulas our dependence logic truth definition (Definition 5
with X # ) coincides with the standard first order truth definition
(Definition ?7). We also give a simple criterion called the Flatness
Test that can be used to test whether a formula of dependence logic is
logically equivalent to a first order formula.

We begin by proving that a team is of a first order type ¢ if every
assignment s in X satisfies ¢. Note the a priori difference between an
assignment s satisfying a first order formula ¢ and the team {s} being
of type ¢. We will show that these conditions are equivalent, but this
indeed needs a proof.

Proposition 20 If an L-formula ¢ of dependence logic is first or-
der, then:

1.IfM =5 ¢ forall s € X, then (¢, X, 1) € T.

2. If M |=5 —¢ for all s € X, then (¢, X,0) € T.
Proof. We use induction:

1. If t}1(s) = t84(s) for all s € X, then (¢, =5, X,1) € T by D1.
2. If tM(s) # t81(s) for all s € X, then (t; = t5, X,0) € T by D2.
3.(=(),X,1) € T by D3.
4. (=(),0,0) € T by D4.

5. If (tM(s), ..., tM(s)) € RM for all s € X, then (Rt;..t,,X,1) €T
by D5.
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6. If (t11(s),...,t2(s)) ¢ RM for all s € X, then (Rt;..t,, X,0) € T
by D6.

7.1 M Es—(¢p V) forall s € X, then M =, —¢ for all s € X and
M Eg =) for all s € X, whence (¢, X,0) € T and (¢, X,0) € 7T,
and finally ((¢ V), X,0) € 7 by DT.

8.f M, oV forall s € X then X =Y U Z such that M | ¢
forall s € Y and M =4 for all s € Z. Thus (¢,Y,1) € T and
(v, Z,1) € T, whence ((¢p V), Y UZ, 1) €T by DS.

9. If M |, —¢ forall s € X, then (¢, X,0) € T, whence (—¢, X, 1) €
7 by DO.

10. If M |=5 =g forall s € z, then (¢, X, 1) € T, whence (—¢, X,0) €
7 by DI10.

11. If M | dx,¢ for all s € X, then for all s € X there is a;, € M
such that M g, /2, @ Now (¢, {s}(F/z,),1) € T for F : X —
M such that F(s) = as. Thus (3x,0, X, 1) € T.

12. If M =, =3x,¢ for all s € X, then for all a € M we have for
all s € X M g0/, 0. Now (¢, X(M/x,),0) € T. Thus
(0, X,0) € T.

[l

Now for the other direction:

Proposition 21 If an L-formula ¢ of dependence logic is first or-
der, then:

1. If (¢, X, 1) € T, then M =4 ¢ for all s € X.
2.If (¢, X,0) € T, then M =5 ¢ for all s € X.
Proof. We use induction:

1. If (t; = ty, X, 1) € T, then t{(s) = t24(s) for all s € X by E1.
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2. If (t; = t9, X,0) € T, then t(s) # t54(s) for all s € X by E2.

3. (=(),X,1) € T and likewise M =, T for all s € X

4. (=(),0,0) € T and likewise M =5 =T for all (i.e. none) s € 0.

5.1f (Rt...t,, X,1) € T, then (t{(s),...,tM"(s)) € RM forall s € X
by Eb.

6. If (Rt...t,, X,0) € T, then (t{4(s),...,tM(s)) ¢ RM forall s € X
by E6.

7.1t (p VvV, X,0) € T, then (¢, X,0) € 7 and (¢, X,0) € T by ET7,
whence M |4 ¢ for all s € X and M =, = for all s € X,
whence finally M |=; =(¢ V@) for all s € X.

8.If (p Vo, X, 1) € T, then X =Y U Z such that (¢,Y,1) € 7 and
(v, Z,1) € T by E8, whence M = ¢ for all s € Y and M = ¢
for all s € Z, and therefore M =4 ¢ A for all s € X.

We leave the other cases as an exercise. []

We are now ready to combine Propositions 20 and 21 in order to prove
that the semantics we gave in Definition 5 coincides in the case of first
order formulas with the more traditional semantics given in Section ?7.

Corollary 22 Let ¢ be a first order L-formula of dependence logic.
Then:

1. M =g ¢ if and only if M = ¢.
2. M Ex ¢ if and only if M {=s ¢ for all s € X.

Proof. If M ¢y ¢, then M =, ¢ by Proposition 21. If M = ¢,
then M =) ¢ by Proposition 20.0]

We shall now introduce a test, comparable to the Closure Test intro-
duced above. The Closure Test was used to test which types of teams are
definable in dependence logic. With our new test we can check whether
a type is first order, at least up to logical equivalence.
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Definition 23 (Flatness® Test) We say that ¢ passes the Flat-

ness Test if for all M and X M Ex ¢ <= (M |55 ¢ for all s €
X).

Proposition 24 Passing the Flatness Test is preserved by logical
equivalence.

Proof. Suppose ¢ = 1 and ¢ passes the Flatness Test. Suppose
M gy ¥ for all s € X. By logical equivalence M =5 ¢ for all
s € X. But ¢ passes the Flatness Test. So M [y ¢, and therefore by
our assumption, M Ex 1. O

Proposition 25 Any L-formula ¢ of dependence logic that is logi-
cally equivalent to a first order formula satisfies the Flatness Test.

Proof. Suppose ¢ = 1, where 1 is first order. Since v satisfies the
Flatness Test, also ¢ does, by Proposition 24. []

Example 26 =(x, x1) does not pass the Flatness Test, as the team
X = {{(0,0), (1, 1)}, {(0,1), (1, 1)}} in a model M with at least two
elements 0 and 1 shows. Namely, M (Ex =(x¢,21), but M =4
=(xg,x1) for s € X. We conclude that =(xy, 1) is not logically
equivalent to a first-order formula.

Example 27 Jxo(=(xg, x2) A 1o = x1) does not pass the Flatness
Test, as the team X = {s,s'}, s ={(0,0),(1,1)},s" ={(0,0), (1,0)}
in a model M with at least two elements 0 and 1 shows. Namely,
if ' X — M witnesses M FEx(p/zy) =(T0,22) A 29 = 1, then
s(xg) = §'(xg), but 1 = s(x1) = F(s) = F(s') = §'(x1) = 0, a
contradiction. We conclude that Jro(=(xg, x2) N\ T2 = x1) is not
logically equivalent to a first-order formula.

Example 28 Let L = {+,-,0,1,<} and M = (N, +,-,0,1,<), the
standard model of arithmetic. The formula Jxo(=(xo) N (21 < ())
fails to meet the Flatness Test. To see this, we first note that if
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X ={s}, then X is of the type of the formula, as we can choose a
to be equal to s(x1) + 1. On the other hand, let X = {s, : n € N},
where s,(x1) =n. It is impossible to choose a such that a > s,(x1)
for alln € N,

Exercise 9 Find a logically equivalent first order formula for Jxy(=(x1, x¢)/
P.CL’()).

Exercise 10 Which of the following formulas are logically equiva-
lent to a first order formula: =(xg, 1, T2) Axg = 21, (=(T0, T2) Ao =
x1) — =(x1, T2), =(0, X1, T2) V = =(x0, 1, T2)

Exercise 11 Let L = () and let M be an L-structure with M =

{0,1}. Show that the following types of a team X with domain
{xg, x1, 22} are non-first order:

a) Jxo(=(x2, x9) A —(20 = 21))

b) EIZC()<:<IE2, $0> N\ (SUO =T V o — .CL’Q))

c¢) dxo(=(x2, x0) A (Tg = 21 A "Tg = X2)).

Exercise 12 Let L = {R}, #(R) = 1. Find an L-structure M
which demonstrates that the following properties of a team X with
domain {xy,r1,x2} are non-first order:

a) Jxo(Rro A =(x1, 10) A 20 = T9)

b) Axo(=(x2, xg) A (Rxy > Rxy))

C) 3330(:(332, $0) N\ ((Rx1 N\ _|R£C()) V (‘lR%l N RCC())))

Exercise 13 A formula ¢ of dependence logic is coherent if the
following holds: Any team X 1s of type ¢ if and only if for every
s,s' € X the pair team {s,s'} is of type ¢. Note that the formula
(=(x1, ..., xp) N P) is coherent if ¢ is. Show that for every first order
¢ with Fr(¢) = {x1}, the type Jzo(=(x1,z0) A @) is coherent. Give

an example of a formula ¢ of dependence logic which is not coherent
(see Exercise 13 for the definition of coherence).
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1.5 The Flattening Technique

We now introduce a technique which may seem frivolous at first sight
but proves very useful in the end. This is the process of flattening,
by which we mean getting rid of the dependence formulas =(t1, ..., t,).
Naturally we lose something, but this is a method to reveal whether a
formula has genuine occurrences of dependence or just ersatz ones.

Definition 29 The flattening ¢/ of a formula ¢ of dependence logic
s defined by induction as follows:

(ty = to)/ = t1 =1ty |(Rti..tn) = R..t,
(:(t17°'°7tn)>f =T (_' )f = _‘Qbf
(¢ V) = ¢/ V! |Fuag) = wag!

Note that the result of flattening is always first order. The main
feature of flattening is that it preserves truth:

Proposition 30 If ¢ is an L-formula of dependence logic, then
¢ = ¢/,

Proof. Inspection of Definition 5 reveals immediately that in each

case where (¢, X, d) € T, we also have (¢/, X,d) € T. O

We can use the above proposition to prove various useful little results
which are often comforting in enforcing our intuition. We first point
out that although a team may be of the type of both a formula and its
negation, this can only happen if the team is empty and thereby is of
the type of any formula.

Corollary 31 M Ex (¢ A —¢) if and only if X = 0.

Proof. We already know that M =y (¢ A =¢). On the other hand, if
M Ex (¢ A=) and s € X, then M =, (¢! A =¢”), a contradiction.
[
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Corollary 32 (Modus Ponens) Suppose M =x ¢ — b and M |=x
¢. Then M |=x ¢. (See also Ezercise 15.)

Proof. M Ex —¢ V¢ implies X = Y U Z such that M |y —¢
and M =7 . Now M =y ¢ and M |y —¢, whence Y = (). Thus
X =Z and M [=x @ follows. O

In general we may conclude from Proposition 30 that a non-empty
team cannot have the type of a formula which is contradictory in first
order logic when flattened. When all the subtle properties of dependence
logic are laid bare in front of us, we tend to seek solace in anything solid,
anything that we know for certain from our experience in first order
logic. Flattening is one solace. By simply ignoring the dependence
statements =(t1, ..., t,,) we can recover in a sense the first-order content
of the formula. When we master this technique, we begin to understand
the effect of the presence of dependence statements in a formula.

Example 33 No non-empty team can have the type of any of the
following formulas, whatever formulas of dependence logic the for-
mulas ¢ and Y are:

gb(C) A \V/ZCQ_Igb(.fIfQ),
V$0_|¢ N \V/Llfoﬂw N ElLCo(qb V w),
(¢ =) = 0) = ).

The flattenings of these formulas are respectively
Qbf(C) N V$0_l¢f(£€0),
Vao—¢! A Vog—p! A Jzg(e! v ),
~(((¢f = o)) = &) = &),

none of which can be satisfied by any assignment in first order logic.
In the last case one can use truth-tables to verify this.
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As the previous example shows, the Truth-Table Method, so useful in
predicate calculus, has a role also in dependence logic.
Exercise 14 Let ¢ be the formula 3xoVari—(=(za, 1) A (g = 1)) of
D. Show that the flattening of ¢ is not a strong logical consequence
of @.
Exercise 15 If M Ex (¢ — ¥) and M =x =, then M Ex —¢.

Exercise 16 Show that no non-empty team can have the type of
any of the following formulas:

ﬁI(SUo,ﬂCl)

~(=(zo, 1) — =(z2, 21))

= =(fz0,20) V 2 =(x0, f0)
VagdrVrodrs— (¢ — =(xg, x1))

Exercise 17 Explain the difference between teams of type =(xq, x2) A\
=(x1,x9) and teams of type =(x¢, 1, T2).

Exercise 18 If ¢ has only xy and x1 free, then Vro3r1¢ = Yrodr(=(xg, 1)
P).

Exercise 19 Show that the formulas Vo3 Vrodrs(=(xg, x1)A=(x2, 3)A
®) and VrodwsVrodx(=(xo, x1) A =(x2, x3) A @), where ¢ is first or-

der, are logically equivalent.

Exercise 20 Prove dz,(¢ A ) =* ¢ A x,0) if x, not free in ¢.

Exercise 21 Prove that = 3x1(=(x1)Ax1 = ¢) but £ Vo3 (=(x1)A
1 = Tp).

Exercise 22 (Prenex Normal Form) A formula of dependence
logic is in prenex normal form if all quantifiers are in the beginning
of the formula. Use Lemma 14 and Exercise 20 to prove that ev-
ery formula of dependence logic is strongly equivalent to a formula
which has the same free variables and is in the prenex normal form.
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1.6 Dependence/Independence Friendly Logic

We review the relation of our dependence logic D to the independence
friendly logics of [10], [11] and [12].
The backslashed quantifier

Jr, \{ iy, ..., i, }O, (1.2)

introduced in [11], with the intuitive meaning
“there exists x,,, depending only on x;,...x; _,, such that ¢,” (1.3)

can be defined in dependence logic by the formula

3, (=(Tig, ooy Tip s Tn) A ). (1.4)

Conversely, we can define =(x;,, ..., x; ) in terms of (1.2) by means of
the formula

Jr, \{Tigs s i (X0 =25 ). (1.5)

Similarly, we can define =(ty, ..., t,) in terms of (1.2), when ¢y, ..., ¢,, are
terms.

Dependence friendly logic, denoted DF, is the fragment of depen-
dence logic obtained by leaving out the atomic dependence formulas
=(t1,...,t,) and adding all the backslashed quantifiers (1.2). Depen-
dence logic and DF have the same expressive power, not just on the
level of sentences, but even on the level of formulas in the following
sense:

Proposition 34 1. For every ¢ in D there is ¢* in DF so that for
all models M and all teams X: M Ex ¢ < M Ex ¢*.

2. For every ¢ in DF there is ¥ in D so that for all models M
and all teams X: M Ex ¢ <= M E=x ™.

We can base the study of dependence either on the atomic formu-
las t1 = t,, Rty...t,, =(t1,...,t,), together with the logical operations
-, V, dz,, as we have done in this book, or on the atomic formulas t; =
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tn, Rt;...t,, together with the logical operations =, V, 3z, \{x,, ..., T, _, }-
The results of this book remain true if D is replaced by DF.
The slashed quantifier

Az, /{ iy, ...z, }O, (1.6)

used in [12] has the intuitive meaning
“there exists x,, independently of z;,...x; _,, such that ¢,  (1.7)

which we take to mean

“there exists x,, depending only on variables other than

1.8
.x; ., such that ¢,” (1.8)

Ly

If the other variables, referred to in (1.8) are zj,...xj, ,, then (1.7) is
intuitively equivalent with

Elil?n\{.il?jo, "'7lefl}¢' (19)

Independence friendly logic, denoted IF, is the fragment of depen-
dence logic obtained by leaving out the atomic dependence formulas
=(t1, ..., t,) and adding all the slashed quantifiers (1.6) with (1.7) (or
rather (1.9)) as their meaning. Sentences of dependence logic and IF
have the same expressive power in the following sense:

1. For every sentence ¢ in D there is a sentence ¢* in IF so that for all

models M: M |z ¢ <— M [= ¢*.

2. For every sentence 1 in IF there is a sentence ¢** in D so that for

all models M: M E¢ <— M E ™.

We observed that we can base the study of dependence on D or DF
and everything will go through more or less in the same way. However,
IF differs more from D than DF, even if the expressive power is in the
above sense the same as that of D, and even if there is the intuitive
equivalence of (1.7) and (1.9).

Dealing with (1.8) rather than (1.3) involves the complication, that
one has to decide whether “other variable” refers to other variables
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actually appearing in a formula ¢, or to other variables in the domain
of the team X under consideration. In the latter case variables not
occurring in the formula ¢ may still determine whether the team X is
of type ¢.

Consider, for example, the formula 6 : 3xo/{z1} (g = x1). The
teams

o T1 X9 o T1 X9
I 1 1 I 1 5
1 3 3 1 3 2
I 8 8 I 8 1

are of type 6 as we can let xy depend on x9. The variable x9, which
does not occur in 0, signals what z; is. However, the team

o T1 X9
I 1 5
I 3 5
I 8 5

is not of type @, even though all three teams agree on all variables that
occur in @. The corresponding formula 3xg\{x2}(xg = x1) of DF avoids
this as all variables that are actually used are mentioned in the formula.
In this respect DF is easier to work with than IF.

Exercise 23 Give a logically equivalent formula in D for the DF-
formula Fzo\ Rxixs.

Exercise 24 Give for both of the following D-formulas
Jrodrs(=(x0, 2) N =(21, 3) N Rrox12073)
=(x0) V =(21)

a logically equivalent formula in DF.

Exercise 25 Give for each of the following D-sentences ¢

\Vlﬂfoaﬂfl(_l :(LU(), xl) N X = LU())
\V/$0\V/$13$2(:($1, CEQ) AN X9 = $1)
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a sentence ¢* in IF so that ¢ and ¢* have the same models.
Exercise 26 Give for both of the following IF-sentences

Vaodxy /{zo}(zo = 1)
Vwoﬂazl/{xo}(azl S Io)

a first order sentence with the same models.

Exercise 27 Give a definition of =(t1,...,t,) in DF.
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Chapter 2

Examples

We study now some more complicated examples involving many quan-
tifiers. In all these examples we use quantifiers to express the existence
of some functions. There is a certain easy trick for accomplishing this
which hopefully becomes apparent to the reader. The main idea is that
some variables stand for arguments and some stand for values of func-
tions that the sentence stipulates to exist.

2.1 Even Cardinality

On a finite set {ay,...,a,} of even size one can define a one to one
function f which is its own inverse and has no fixed points, as in the
picture:

Conversely, any finite set with such a function has even cardinality. In
the following sentence we think of f(xz¢) as x; and of f(z3) as x3. So 2y
depends only on x(, and x3 depends only on x5, which is guaranteed by
=(x9, x3). To make sure f has no fixed points we stipulate =(zy = x1).
The condition (x1 = x9 — x3 = xg) says in effect (f(xg) = 2 —

flza) = x). 1e. f(f(xg)) = xo. Let:
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Peven : VroIr Vaodzs(=(x9, x3) N —(x9 = 27)
A\ ($0:$2—>I1=$3>

VAN (331 = T9 — X3 :33’0))

The sentence @ en of dependence logic is true in a finite structure if
and only if the size of the structure is even.

Exercise 28 Give a sentence of dependence logic which is true in
a finite structure if and only if the size of the structure is odd. Note
that = Deven would not do.

2.2 Cardinality

The domain of a structure is infinite if and only if there is a one to one
function that maps the domain into a proper subset. For example, if
the domain contains an infinite set A = {ay, a1, ...} we can map A onto
the proper subset {ay,as, ...} with the mapping a, — a,;1, and the
outside of A onto itself by the identity mapping. On the other hand, if
f: M — M is a one to one function that not have a in its range, then
{a, f(a), f(f(a)),...} is an infinite subset.

In the following sentence we think of f(z() as x1 and of g(xs) as
x3. So x1 depends only on x(, and x3 depends only on x9, which is
guarantees by =(x,x3). The condition —(z; = x4) says x4 is outside
the range of the function f. To make sure that f = ¢ we stipulate
(xg = 9 — x1 = x3). The condition (z7 = x3 — xy = x2) says f is
one to one. Let:

CDOO : 3$4V$03I1VI23$3(:($2,I3) A\ _|(l’1 = 513'4)

N (l’o = T2 < X1 :Ql'g))



Cambridge University Press 2007

We conclude that @, is true in a structure if and only if the domain
of the structure is infinite.

Exercise 29 A graph is a pair M = (G, E) where G is a set of
elements called vertices and E 1s an anti-reflexive symmetric binary
relation on G called the edge-relation. The degree of a verter is
the number of vertices that are connected by a (single) edge to v.
The degree of v 1s said to be infinite if the set of vertices that are
connected by an edge to v is infinite. Give a sentence of dependence
logic which is true in a graph if and only if every vertex has infinite
degree.

Exercise 30 Give a sentence of dependence logic which is true in
a graph if and only if the graph has infinitely many isolated vertices
(a vertex is isolated if it has no neighbors).

Exercise 31 Give a sentence of dependence logic which is true in a
graph if and only if the graph has infinitely many vertices of infinite
degree (the degree of a vertex is the cardinality of the set of neighbor
of the vertex).

A more general question about cardinality is equicardinality. In this
case we have two unary predicates P and () on a set M and we want
to know whether they have the same cardinality; that is, whether there
is a bijection f from P to (). In the following sentence ®_ we think of
f(xg) as x1 and of f(x9) as x3.

O_ : Vrodr Vaeodxs(=(za, x3) A ((Pro A Qo) —
(Qxr1 N Px3 A
(T = 23 < 21 = 12))))
Suppose we want to test whether a unary predicate () has at least

as many elements as another unary predicate P. Here we can use a
simplification of ®_:
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O Vagdr Vaodrs(=(xe, x3) A (Pxy — (Qx1 A
(g = x5 < 11 = 13))))

On the other hand, the following variant of ®_ clearly expresses the
isomorphism of two linear orders (P, <p) and (Q, <q):

Qo Vrodr\Voodrs(=(xe, v3) N ((Pxo A Qrg) —
N\ (Q$1 N P.I’g N
A (330 <p T3 T <Q 372))))

An isomorphism M — M is called an automorphism. The identity
mapping is, of course, always an automorphism. An automorphism is
non-trivial if it is not the identity mapping. Below is a picture of a
finite structure with a non-trivial automorphism:

A structure is rigid if it has only one automorphism, namely the identity.
Finite linear orders and e.g. (N, <) are rigid!, but for example (Z, <)
is non-rigid. We can express the non-rigidity of a linear order with the
following sentence

Oy : JryVrodr Veodrs(=(xe, x3) A (9 = x4 — (21 = 24))
YA\ (CCO < T3 11 < $2))

Exercise 32 Write down a sentence of D which is true in a group?
of and only if the group is non-rigid.

Exercise 33 Write down a sentence of D which is true in a finite

structure M if and only if the unary predicate P contains in M at
least half of the elements of M.

1 Any automorphism has to map the first element to the first element, the second element to the second element, the third element
to the third element, etc

2A group is a structure (G, o, e) with a binary function o and a constant e such that (1) for all a,b,c € G: (aob)oc=ao (boc),
(2) for alla € G: eca=aoe=a, (3) for all a € G there is b € G such that aob = boa = e. The group is abelian if in addition: (4)
for all a,b € G: aob=0boa.
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Exercise 34 A natural number n is a prime power if and only if
there is a finite field of n elements. Use this fact to write down a
sentence of D in the empty vocabulary which has finite models of
exactly prime power cardinalities.

Exercise 35 A group (G, o, e) is right orderable if there is a partial
order < in the set G such that x < y implies x o z < y o z for all
x,y,z m G. Write down a sentence of D which is true in a group
of and only if the group is right orderable.

Exercise 36 An abelian group (G,+,0) is the additive group of a
field if there are a binary operation - on G and an element 1 in G

such that (G,+,+,0,1) is a field. Write down a sentence of D which
s true in an abelian group if and only if the group s the additive

group of a field.
2.3 Completeness

Suppose we want to test whether a linear order < on a set M is complete
or not, i.e. whether every non-empty A C M with an upper bound has
a least upper bound. Since we have to talk about arbitrary subsets A of
a domain M, we use a technique called guessing. This is nothing else
than fixing an element a of M and then taking an arbitrary function
from M to M. We call a the “head” as if we were tossing coin. The
set A corresponds to the set of elements of M mapped to the head.
For simplicity, we take the head to be an upper bound of A which we
assume to exist anyway.

A linear order is incomplete if and only if there is a non-empty initial
segment A without a last point but with an upper bound such that for
every element not in A there is a smaller element not in A. To express
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this we use the sentence

Pemnpl © JxI7Vrg3drVoodes
VaydesVaesIeg( =(xo, x3) A =(24, T5) N =(28, T9)
Ty = T9 — X1 — T3

)
)
T = x5 — Ty < Tg)
$0—$7—>$1—$6)

)

(
(
(
(

> > > >

(330 < X9 N X3 = Xg
— 1 = 336)
A ((_I(xl = 5136) Nxyg=2oTy N\ Ty = .5135)

— (x5 < g A (23 = x6)))
N ((xozxg/\l‘l :$6/\$2:£IZ’9)
— (23 < 29 N\ T3 = ¢)))

The sentence Qe 1s true in a linear order if and only if the linear
order is incomplete. (®yp is not necessarily the simplest one with this
property.)

Explanation of ®.yp1: The mapping xg — 7 is the guessing function
and x9 — x3 is a copy of it, as witnessed by (xg = x9 — 1 = x3). %
is the head, therefore we have (r1 = 4 — ¥y < xg). x7 manifests non-
emptiness of the guessed initial segment as witnessed by (xg = x7 —
x1 = xg). The clause ((xg < x2 A x3 = 1) — T1 = xg) guarantees the
guessed set is really an initial segment. Finally we need to say that if an
element x is above the initial segment (1 # x¢) then there is a smaller
element x5 also above the initial segment. The mapping xg +— z9 makes
sure the initial segment does not have a maximal element.

The sentence @y has many quantifier alternations but that is not
really essential as we could equivalently use the universal-existential
sentence:
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VoV Ve Vegdr,dxs
w5 dxgIrr Iy ( =(xg, x1) N =(x2, x3)
=(z4, w5) N =(26) N =(27)
=(xs, T9)

cmpl

Ty = T9 — X1 — T3

T =g — To < Tg

> > > > > > >

( )
( )
(xg = x7 — 1 = X¢)
( )
(

(QL’()<£132/\£U3—£U6 —>£L’1—£L’6)
(

— (1‘8 < x9N\ I3 = ZUG)))

Exercise 37 Give a sentence of D which is true in a linear order if
and only if the linear order is isomorphic to a proper initial segment

of itself.
2.4 Well-Foundedness

A binary relation R on a set M is well-founded if and only if there is
no sequence ag, aq, ... in M such that a,, 1 Ra, for all n, and otherwise
ill-founded. An equivalent definition of well-foundedness is that there is
no non-empty subset X of M such that for every element a in X there
is an element b of X such that bRa. To express ill-foundedness we use
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the sentence

Oyt : FrgIr7Vrogdr VeIV s ( =(x9, x3)
N =(x4,x5)
N (g =29 — 1 = 13)
N (xg=x7 — 1 = X6)
A ((x1 =26 Nxyg =24 N\ T3 = T35)

— (23 = ¢ A Rxszy))

The sentence @y is true in a binary structure (M, R) if and only if R
is ill-founded.

Explanation: The mapping xy — x1 guesses the set X as the pre-
image of xg. The mapping x9 — x3 is a copy of the mapping zy — 1,
as witnessed by (zg = x9 — x7 = x3). 7 manifests non-emptiness of
the guessed initial segment as witnessed by (zg = x7 — x1 = x4). The
clause ((z1 = rgAxp = T4 Ax = x5) — (23 = 16\ Rrsxy)) guarantees
the guessed set has no R-smallest element,

Exercise 38 A partially ordered set is an L-structure M = (M, <M
) for the vocabulary L = {<}, where <M is assumed to be reflexive
(x < x), transitive (v < y < z = x < z) and anti-symmetric
(x<y<xz=x=1y) Weshorten (x <My & x #y) tox <M y.
A chain of a partial order is a subset of M which is linearly ordered
by <M. Give a sentence of D which is true in a partially ordered
set if and only if the partial order has an infinite chain.

Exercise 39 A tree is a partially ordered set M such that the set
{x € M : x <Mt} of predecessors of any t € M is well-ordered
by <M and there is a unique smallest element in M, called the
root of the tree. Thus for any t <M s in M there is an immediate
successor v of t such that t <™ r <M s. A subtree of a tree is a
substructure which is a tree. A tree is binary if every element has
at most two immediate successors, and a full binary tree if every
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element has exactly two 1mmediate successors. Give a sentence of
D which s true in a tree if and only if the tree has a full binary
subtree.

Exercise 40 The cofinality of a linear order is the smallest cardinal
k such that the order has an unbounded subset of cardinality k. In
particular, a linear order has cofinality w if the linear order has a
cofinal increasing sequence ag, ai,.... Give a sentence of D which 1is
true in a linear order if and only if the order is either ill-founded
or else well-founded and of cofinality w.

2.5 Natural Numbers
Let P~ be the first order sentence

on(xo +0=04+2¢ = .CL’())/\

VaoVey(xg+ (x1 4+ 1) = (g + 1) + 1A

VI’()(CU() -0=0- Xy = O)/\

VaoVey(xg - (z1+ 1) = (2 - 1) + o)A

vxovxl(ibo < I < ELCI?Q(LL’O + (SCQ + 1) = .’L’l))

VI’()(CB() > (0 — 3$1<£€1 + 1= :1:0))/\

0<IAVZ(0<zg— (1 <20V 1=120))
and Oy the following sentence of D, reminiscent of ®:

=P~V drsdz, VegIde Ve des(=(xe, v3) A 4 < 5
N ((3?0:332/\330 <335) —
(561 =3 N1 < ZC4>))

The sentence Py is of course true in models that do not satisfy the
axiom P~. However, in models of ®y where P~ does hold, something
interesting happens: the initial segments determined by x4 and x5 are
mapped onto each other by the bijection zg +— x1. Thus such models
cannot be isomorphic to (N, +,-, 0,1, <), in which all initial segments
are finite and of different finite cardinality.
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Lemma 35 If ¢ 1s a sentence of dependence logic in the vocabulary
of arithmetic, then the following are equivalent:

1. ¢ is true in (N, +,-,0,1,<).
2. Py V ¢ is valid i D.

Proof. Suppose first = OV ¢. Since (N, +,-,0, 1, <) £ Oy, we have
necessarily (N, +,-,0,1,<) | ¢. Conversely, suppose (N, +,-,0,1, <
) E ¢ and let M be arbitrary. If M | @y, then trivially  &nVe. Sup-
pose then M £ &y. Necessarily M = P~. If M 2 (N, +,-,0,1, <),
we get M = @y contrary to our assumption. Thus M = (N, +,-,0, 1, <
), whence M = ¢. O

If Lemma 35 is combined with Tarski’s Undefinability of Truth (see

Theorem 73), we obtain, using "¢ to denote the Godel number of ¢
according to some obvious Godel numbering of sentences of D:

Corollary 36 The set {"¢"': ¢ is valid in D} is non-arithmetical.

In particular, there cannot be any effective axiomatization of depen-
dence logic, for then {"¢™7: ¢ is valid in D} would be recursively enu-
merable and therefore arithmetical. We return to this important issue
later.

2.6 Real Numbers

Let RF' be the first order axiomatization of ordered fields. The ordered
field (R, +, -, 0, 1, <) of real numbers is the unique ordered field in which
the order is a complete order. The proof of this can be found in standard
textbooks on real analysis. Accordingly, let ®g be the sentence = RF'V
Pempr of D. Exactly as in Lemma 35, we have:

Lemma 37 If ¢ is a sentence of D in the vocabulary of ordered
fields, then the following are equivalent:

1. ¢ is true in (R, +,-,0,1,<).
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2. Pr V ¢ is valid mn D.

This is not as noteworthy as in the case of natural numbers, as the
truth of a first order sentence in the ordered field of reals is actually
effectively decidable. This is a consequence of the fact, due to Tarski,
that this structure admits elimination of quantifiers (see e.g. [18]). What
is noteworthy, is that we can add integers to the structure (R, +,-,0, 1, <
), obtaining the structure (R, +,-,0, 1, <,N) with a unary predicate N
for the set of natural numbers, making the first order theory of the
structure undecidable, and still get a reduction as in Lemma 37. To this
end, let ®5 be

N(0) A Vao(N(zg) — N(zg+1))
N Vao(N(zg) — (0 =29V 0 < x0))
N VaoVe ((N(zg) A N(x1) Azg < 21) —
(xo+1=x1Vag+1<uz)).
Let &g n be the sentence = RE'V @1 V =Py of D. Then any structure

that is not a model of Pg  is isomorphic to (R, +,-,0,1, <,N). Thus
we obtain easily:

Lemma 38 If ¢ is a sentence of D in the vocabulary of ordered
fields supplemented by the unary predicate N, then the following
are equivalent:

1. ¢ is true in (R, +,-,0,1, <, N).
2. CI)R’N V qb s valid in D.

2.7 Set Theory

The vocabulary of set theory consists of just one binary predicate symbol
E. As a precursor to real set theory let us consider the following simpler
situation. We have, in addition to E, also two unary predicates R and S.
Let 6 be the conjunction of the first order sentence Vo Vi (zoExr; —
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(Rxg N\ Sx1))AVzo(Sz) — —Rxy) and the axiom of extensionality
VaoVay (Veo(zoFxy < xoEx1) — x9 = x1). Canonical examples of
models of # are models of the form (M, €, X, P(X)). Indeed, M [ 0
if and only if M = N for some A such that BV = {(a,b) € N? 1 a €
RN be SN, aeb} and SV C P(RV). Let

Doyt © 20 V JxgVagIeVeodrsVe Frs( =(x9, x3)
N =(x4,5)
A (zg =129 — 1 = T3)
A (11 =26 — Rxy)
A ((SxyNxg=2x5) —
(x5Exy » 11 = T4)))

The sentence ey 1s true in a structure M if and only if M = N for
some A such that BV = {(a,b) € N> a € RV,b € SV, a € b} and
SN £ P(RN).

Explanation: The mapping x¢ — 1 guesses a set X as the pre-image
of xg. The mapping xy — x3 is a copy of the mapping xy — x1, as
witnessed by (zg = x9 — x1 = x3). The clause (x; = x4 — Rz() makes
sure X is a subset of R. The clause ((Sxy A xg = z5) — (v5Exy «»
r1 = xg)) guarantees the guessed set is not in the set S.

Lemma 39 If ¢ is a sentence of D in the vocabulary {E, R, S},
then the following are equivalent:

1. ¢ is true in every model of the form (M, e, X, P(X)).
2. Do V @ 18 valid i D.

The cumulative hierarchy of sets is defined as follows:

oo =10
VCH—1 — P(V&) (21)
Ve, = U, Vp for limit v
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Thus V; is the powerset of 0, i.e. {0}, V5 is the powerset of {0}, i.e.
{0,{0}}, etc. The sets V,,, n € N, are all finite, V,, is countable and for
a > w the set V,, is uncountable. For more on the cumulative hierarchy,
see Section 5.2,

Let ZFC* be a large but finite part of the Zermelo-Fraenkel axioms
for set theory (see e.g. [16] for the axioms). It follows from the axioms
that every set is in some V. Models of the form (V,, €), o a limit
ordinal, are canonical examples of models of ZFC*.

Let

Dyt - " ZFC* V ArgIr7VrgIxe Vasdes Vs (=(xe, 3) A
N =(zy,5)
A (Tg =129 — 1 = T3)
A (11 =26 — xoET7)
A (xg=x5 —

(x5 By » 11 = T4)))

Lemma 40 If ¢ is a sentence of D in the vocabulary {E}, then the
following are equivalent:

1. (V,, €) = ¢ for all models (V,, €) of ZFC*.
2. Pyt V @ 15 valid in D.

In consequence, there are Wy, Wy, W3 and Wy in dependence logic such
that

1. The Continuum Hypothesis holds if and only is ¥y is valid in D
2. The Continuum Hypothesis fails if and only is W5 is valid in D
3. There are no inaccessible cardinals if and only is V3 is valid in D
4. There are no measurable cardinals if and only is Wy is valid in D

These examples show that to decide whether a sentence of D is valid
or not is tremendously difficult. On may have to search through the
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whole set theoretic universe. This is in sharp contrast to first order logic
where to decide whether a sentence is valid or not it suffices to search
through finite proofs, that is, essentially just through natural numbers.

By means of the sentence ®,,; it is easy to show that for any first
order structure M definable in the set-theoretical structure (V,.3, €),
which includes virtually all commonly used mathematical structures,
and any first order ¢ there is a sentence ® a4 such that the following
are equivalent:

1. ¢ is true in M.
2. Ppgpis valid in D.

Moreover, @4 4 can be found effectively on the basis of ¢ and the defin-
ing formula of M.

Exercise 41 Give a sentence ¢ of D such that ¢ has models of all
infinite cardinalities, and for all Kk > w, ¢ has a unique model (up
to isomorphism) of cardinality k if and only if Kk is a strong limit
cardinal (i.e. X < k implies 2 < k).
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Chapter 3

Game Theoretic Semantics

We begin with a review of the well-known game theoretic semantics of
first order logic (see e.g. [9]). This is the topic of Section 3.1. There are
two ways of extending the first order game to dependence logic. The
first, presented in Section 3.2, corresponds to the transition in seman-
tics from assignments to teams. The second game theoretic semantics
for dependence logic is closer to the original semantics of independence
friendly logic presented in [8, 10]. In the second game theoretic for-
mulation the dependence relation =(xy, ..., x,,) does not come up as an
atomic formula but as the possibility to incorporate imperfect infor-
mation into the game. A player who aims at securing =(xy, ..., T,,)
when the game ends has to be able to choose a value for x,, only on the
basis of what the values of x,...,z,_1 are. In this sense the player’s
information set is restricted to x, ..., x,_1 when he or she chooses x,,.

3.1 The Semantic Game of First Order Logic

The game theoretic semantics of first order logic has a long history. The
basic idea is that if a sentence is true, its truth, asserted by us, can
be defended against a doubter. A doubter can question the truth of a
conjunction ¢ A ¥ by doubting the truth of, say, v. He can doubt the
truth of a disjunction ¢ V ¢ by asking which of ¢ and %) is the one that
is true. He can doubt the truth of a negation —¢ by claiming that ¢
is true instead of —¢. At this point we become the doubter and start
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questioning why ¢ is true. This interaction can be formulated in terms
of a simple game between two players that we call players I and II. We
call them opponents of each other. The opponent of player « is denoted
by a*. In the literature these are sometimes called Abelard and Eloise.
We go along to the extent that we refer to player I as “he” and to player
IT as “she.” The players observe a formula ¢ and an assignment s in
the context of a given model M. In the beginning of the game player
IT claims that assignment s satisfies ¢ in M, and player I doubts this.
During the game their roles may change, as we just saw in the case of
negation. To keep track of who is claiming what we use the notation
(¢, s, ) for a position in the game. Here « is either I or IT. The idea
is that « indicates which player is claiming that s satisfies ¢ in M.

Definition 41 The semantic game H(¢) of first order logic in a
model M s the following game: There are two players, I and II.
A position of the game is a triple (¢, s, ), where ¥ is a subformula
of 0, s is an assignment the domain of which contains the free
variables of v, and o € {I,I1}. In the beginning of the game the
position is (¢, 0, I1). The rules of the game are as follows:

1. The position is (t; = to, s, a): If tM(s) = t84(s), then player o
wins and otherwise the opponent wins.

2. The position is (R(ty1,...,t,), s, «): If s satisfies R(ty,...,t,) in
M, then player o wins, otherwise the opponent wins.

3. The position is (=, s,«): The game switches to the position
(1, s, ), where o is the opponent of .

4. The position is (¢ V 0,s,a): The next position is (1, s,a) or
(0,s,a), and o decides which.

5. The position is (Fxp,), s, a): Player a chooses a € M and the
next position is (Y, s(a/xy,), a).
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The above game is a zero-sum game, i.e. one player’s loss is the other
player’s victory. It is also a game of perfect information in the sense the
strategies of both players are allowed to depend on the whole sequence
of previous positions. By the Gale-Stewart Theorem |5] all finite zero-
sum games of perfect information are determined. All the possible
positions of this game form in a canonical way a tree, which we call the
game tree. The game tree for H(¢) starts from the position (¢, 0, IT).
Any (maximal) branch of this tree represents a possible play of the
game. We call proper initial segments of plays partial plays.

Inspection of the game tree is vital for success in a game. It is clear
that in order to be able to declare victory a player has to have a clear
picture in his or her mind what to play in each position. The following
concept of strategy is the heart of game theory. It is a mathematically
exact concept which tries to capture the idea of a player knowing what
to play in each position.

Definition 42 A strategy of player o in H(¢) is any sequence T
of functions 7; defined on the set of all partial plays (po, ..., pi—1)
satisfying:

o Ifpi 1= (oVU,s,a), then T tells player a which formula to pick,
i.e. Ti(po,...,pi—1) € {0,1}. If the strategy gives value 0, player
o picks the left-hand* formula ¢, and otherwise the right-hand
formula .

o Ifpi_1 = (Fr,0,s,a), then T tells player o which element a € M
to pick, that is 1;(py, ..., pi—1) € M.

We say that player o has used strateqy 7 in a play of the game
H(¢) if in each relevant case player o has used T to make his or
her choice. More exactly, player o has used T in a play po, ..., pn if
the follouning two conditions hold for all v < n:

1One may ask why the values of the strategy are numbers 0 and 1 rather than the formulas themselves. The reason is that the
formulas may be one and the same. It is a delicate point whether it then makes any difference which formula is picked. For first
order logic there is no difference but there are extensions of first order logic where a difference emerges.
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1 ]fpi—l — (¢ \ va) S, Oé) and Ti(p(b "'7pi—1) — O; then Pi = (¢7 S, Oé);
while if 7,(po, .-, Pi—1) = 1, then p; = (¥, s, a).

o ]fpi—l — (3$m¢7 S, Oé) and Ti(p()a "'7pi—1) = a, then
Pi = (¢7 S(G,/Im), Ck)'

A strategy T of player « in the game H(¢) is a winning strategy, if
player o wins every play i which he or she has used .

Note that the property of a strategy 7 being a winning strategy is
defined without any reference to actual playing of the game. This is
not an oversight but an essential feature of the mathematical theory of
games. We have reduced the intuitive act of players choosing their moves
to combinatorial properties of some functions. One has to be rather
careful in such a reduction. It is possible that the act of playing and
handling formulas may use some property of formulas that is intuitively
evident but not coded by the mathematical model. One such potential
property is the place of a subformula in a formula. We will return to
this point later.

Theorem 43 Suppose ¢ is a sentence of first order logic. Then
M 4 ¢ in first order logic if and only if player I1 has a winning
strategy in the semantic game H(¢).

Proof. Suppose M |y ¢ in first order logic. Consider the following
strategy of player II. She maintains the condition:

(%) If the position is (¢, s, IT), then M = ¢. If the position is (¢, s, I),
then M =, —¢.

It is completely routine to check that II can actually follow this strategy
and win. Note that in the beginning M =y ¢, so (%) holds.

For the other direction, suppose player II has a winning strategy 7
in the semantic game starting from (¢, (), IT). It is again completely
routine to show:
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(xx) If a position (¢, s, «) is reached in the game, player IT using 7,
then M Egpif a=1I1, and M =, ¢ ifa=1.

Since the initial position (¢, (), IT) is reached in the beginning of the
game, we obtain from (x%) the desired conclusion M |y ¢. [

Exercise 42 Consider the game H(JzoVri(rg = v1VagExy)) in the
graph below. Draw the game tree and use it to describe the winning
strategy of the player who has it.

1 2 3

Exercise 43 Let L consist of two unary predicates P and R. Let
M be an L-structure such that M = {0,1,2,3}, PM = {0,1,2}
and RM = {1,2,3}. Who has a winning strateqy in H(¢) if ¢ is
Jzo(Pxo A Rxg)?, Yrodry—(xg = x1) ¢ Describe the winning strategy.

Exercise 44 Suppose M is the binary structure ({0, 1,2}, R), where
R is as in Figure 3.1. Who has a winning strategy in G(¢) if ¢ is
Vaodx (- Rxoxy A Vaedxs(—Rxoxs))? Describe the winning strat-
eqy.

Figure 3.1: A binary structure

Exercise 45 Suppose M is the binary structure ({0, 1,2}, R), where
R is as in Figure 3.1. Who has a winning strategy in H (@) if ¢ is
dxgVai (Rrory V dxoVas(Rroxs)). Describe the winning strategy.

Exercise 46 Show that if T is a strategy of player 11 in H(¢) and
o is a strategy of player I in H(¢p), then there is one and only one
play of H(¢) in which player I has used T and player 1 has used
o. We denote this play by |1, 0].

Exercise 47 Show that a strategy T of player I in G(¢) is a win-
ning strateqy if and only if player I1 wins the play [T, 0] for every
strategy o of player I.
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3.2 A Perfect Information Game for Dependence Logic

In this section we define a game of perfect information, introduced in
27]. This game is very close to our definition of the semantics of depen-
dence logic. In this game the moves are triples (¢, X, d), where X is a
team, ¢ is a formula and d € {0,1}. If ¢ is a conjunction and d = 0,
we may have an ordered pair of teams. This game has less symmetry
than H(¢). On the other hand, the game has formulas of dependence
logic as arguments, and D does not enjoy the same kind of symmetry
as first order logic. In particular, we cannot let negation correspond to
exchanging the roles of the players; as in the case of H(¢), and at the
same time have sentences which are neither true nor false.

The game we are going to define has two players called I and II. A
position in the game is a triple p = (¢, X, d), where ¢ is a formula, X
is a team, the free variables of ¢ are in dom(X), and d € {0, 1}.

Definition 44 Let M be a structure. The game G(¢) is defined by
the following inductive definition for all sentences ¢ of dependence
logic. The type of the move of each player is determined by the
position as follows:

(M1) The position is (¢, X, 1) and ¢ = ¢(z4,, ..., ;) 5 of the form
t1 =ty or of the form Rty...t,. Then the game ends. Player 11
wins if

(Vs € X)(M = o(s(xi,), ..., s(x4,))).
Otherunse player 1 wins.

(M2) The position is (¢, X,0) and ¢ = ¢(z;,, ..., z;,) is of the form
t1 =ty or of the form Rty...t,. Then the game ends. Player I1
wins if

(Vs € X)(M £ o(s(xi), ..., s(zi,))).

Otherwise player 1 wins.
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(M3) The position is (=(t1, ..., t,), X, 1). Then the game ends. Player
IT wins if M Ex =(t1,...,t,). Otherwise player I wins.

(M4) The position is (=(t1, ..., t,), X,0). Then the game ends. Player
IT wins if X = 0. Otherwise player I wins.

(M5) The position is (—¢, X, 1). The game continues from the po-
sition (¢, X, 0).

(M6) The position is (—¢, X,0). The game continues from the po-
sition (¢, X, 1).

(MT) The position is (pV 1, X, 1). Now player II chooses Y and Z
such that X =Y UZ, and we move to position (o, (Y, Z),1).
Then player I chooses whether the game continues from position

(6,Y,1) or (¢, Z,1).

(M8) The position is (¢ V 1, X,0). Now player I chooses whether
the game continues from position (¢, X,0) or (¢, X,0).

(M9) The position is (3x,¢, X, 1). Now player II chooses F : X —
M and then the game continues from the position (¢, X (F/xy),1).

(M10) The position is (z,¢p, X,0). Now the game continues from
the position (¢, X (M /x,),0).

In the beginning of the game, the position is (¢, {0}, 1).

Note that case (M8) generates two rounds for the game: during the
first round player IT makes a choice for Y and Z. We call this round
a half-round. During the next round player I makes a choice between
them. Thus after the position (¢ V ¥, X, 1) there is the position (¢ V
Y, (Y, Z), 1), from which the game then proceeds to either (¢, Y, 1) or
(v, Z,1). Note also that player IT has something to do only in the cases
(M7) and (M9). Likewise, player I has something to do only in cases
(M7) and (MS8). Otherwise the game goes on in a determined way with
no interaction from the players.
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All the possible positions of this game form a tree, just as in the case of
the game H (). The tree for G(¢) starts from the position (¢, {0}, 1).
Depending on ¢ it continues in different way. Note that player II has
always a winning strategy in a position of the form (¢, (), d).

Example 45 Suppose M has at least 2 elements. Player I has a
winning strategy in G(Vxo3xri(=(x1) A xg = x1)). Note that when
(M9) is applied, the tree splits into as many branches as there are

functions F. In the end of the game the winner is decided on the
basis of (M1)-(M}).

We define now what we mean by a strategy in the game G(¢).

Definition 46 A strategy of player II in G(¢) is any sequence T
of functions T defined on the set of all partial plays (po, ..., pi—1)
satisfying:

o Ifpi1 = (¢ V1, X, 1), then 7 tells player II how to cover X
with two sets, one corresponding to ¢ and the other to 1, 1.e.
Tz'(p(), ---;pi—l) = (Y, Z) such that X =Y U Z.

o If pi_1 = (Fx,0, X, 1), then 7 tells player IT how to supplement
X, i.e. Ti(po, -y pi—1) 1S a function F - X — M.

We say that player II has used strateqy T in a play of the game
G(¢) if in the cases (M7) and (M9) player 11 has used T to make
the choice. More exactly, player I1 has used T in a play po, ..., pn tf

the following two conditions hold for all v < n:
® ]f Pi—1 = (¢ V waXa 1) and Ti(p(]a "'7pi—1) — (Y7 Z); then pi =
(¢ \/ w7 (Y7 Z>7 1)'
* ]fpi—l — (Elﬂ?n¢,X, 1) and Ti(p(h "'7pi—1) - F: thenp’& — (¢7 X(F/xn)y
1).
A strategy of player I in G(¢) is any sequence o of functions o;
defined on the set of all partial plays po, ..., pi—1 satisfying:
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o If pi1 = (6 V1, X,0), then o tells player 1 which formula to
pick, i.e. o;(po,...,pi—1) € {0,1}. If the strategy gives value 0,
player I picks the left-hand formula ¢, and otheruise the right-
hand formula .

o Ifpi1=(pV,(Y,Z),1), then o,(po, ..., pi—1) € {0.1}.

We say that player I has used strateqy o in a play of the game
G(¢) if in the cases (M7) and (M8) player 1 has used o to make
the choice. More exactly, I has used o wn a play py, ..., p, if the
following two conditions hold:

o ]fpi—l — (¢V¢7X7 0) and Ui(p07 "'7pi—1) - O; then Pi = (¢7 X7 0)7
and Zf O-i(p()a "'7pi—1) — 1} then Pi = (Qp)X? O)
o ]fpi—l — (gb\/wa (Y7 Z)) 1)7 then bi = (gb) Y7 O); ifo-i(pm °'°7pz'—1) —
O; and pi = (¢7 Za 0)7 Zf Ui(p07 "'7pi—1) = 1.
A strategy of player « in the game G(¢) is a winning strategy, if
player o wins every play in which she has used the strategy.

Theorem 47 M = ¢ if and only if player I1 has a winning strategy
in G(¢).

Proof. Assume first M | ¢. We describe a winning strategy of
player IT in G(¢). Player II maintains in G(¢) the condition that if the
position (omitting half-rounds) is (¢, X, d), then (¢, X,d) € 7. We
prove this by induction on ¢:

S1 Position (¢, X, 1), where ¢ ist = t’ or Rt;...t,,. Since (¢, X, 1) € T,
player IT wins, by Definition 44 (M1).

S2 Position (¢, X, 0), where ¢ is t = t’ or Rt;...t,,. Since (¢, X,0) € T,
player IT wins, by Definition 44 (M2).

S3 Position (=(t1, ..., t,), X, 1). Since (=(t1,...,t,), X, 1) € T, player
II wins, by definition.
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S4 Position (=(t1, ..., t,), X, 0). Since (=(ty, ..., t,), X,0) € T, we have
X = () and therefore IT wins by definition.

S5 Position (—¢, X, 1). Since (—¢, X, 1) € T, we have (¢, X,0) € 7.
Thus II can play this move according to her plan.

S6 Position (—¢, X,0). Since (—¢, X,0) € T, we have (¢, X,1) € T.
Thus II can play this move according to her plan.

S7 Position (¢ V 1, X,0). We know (¢ V 1, X,0) € T and therefore
both (¢, X,0) € 7 and (¢, X,0) € 7. Thus whether the game
proceeds to (¢, X,0) or (1, X, 0), player IT maintains her plan.

S8 Position (¢ V 1, X, 1). We know (¢ V ¢, X, 1) € T, and hence
(¢, Y, 1) € T and (v, Z,1) € T for some Y and Z with X =Y UZ.
Thus we can let player IT play the ordered pair (Y, Z). After this
half-round player I wants the game to proceed either to (¢,Y, 1)
or to (1, Z,1). In either case player IT can fulfil her plan, as both

(¢,Y,1) € T and (¢, Z,1) € T.

S9 Position (Jz,¢, X,1). Thus there is F' : X — M such that the
triple (¢, X (F/xy),1) is in 7. Player IT can now play the function

F', for in the resulting position (¢, X(F'/x,),1) she can maintain
the condition (¢, X(F/x,),1) € T.

S10 Position (Jx,¢, X,0). We know (¢, X (M/x,),0) € T. But the
triple (¢, X (M /x,),0) is the next position, so IT can maintain her
plan.

For the other direction, we assume player II has a winning strategy 7
in G(¢) and use this to show M | ¢. We prove by induction on ¢ that
if IT is using 7 and a position (1, X, d) is reached, then (¢, X, d) € 7.
This gives the desired conclusion as the initial position (¢, {0}, 1) is
trivially reached.

S1’ Position (¢, X, 1), where ¢ is t = t' or Rt;y...t,,. Since II has been
playing her winning strategy, (¢, X, 1) € 7 by Definition 44 (M1).
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S2' Position (¢, X,0), where ¢ is t =t/ or Rt;...t,,. Since IT has been
playing her winning strategy, (¢, X,0) € 7 by Definition 44 (M2).

S3’ Position (=(t1, ...,t,), X, 1). Since IT has been playing her winning
strategy, (=(t1,...,t,), X, 1) € T by definition.

S4’ Position (=(t1, ..., t,), X, 0). Since IT is winning, X = (), and there-
fore (=(t1,...,tn), X,0) € T by definition.

S5’ Position (—¢, X, 1). The game continues, still following 7, to the
position (¢, X,0). By the induction hypothesis, (¢, X,0) € 7, and
therefore (—¢, X, 1) € 7.

S6’ Position (—¢, X,0). The game continues, still following 7, to the
position (¢, X, 1). By the induction hypothesis, (¢, X,1) € 7, and
therefore (¢, X,0) € 7.

S7' Position (¢ V ¢, X,0). To prove (¢ V ¢, X,0) € 7, we need both
(9, X,0) € T and (¢, X,0) € T. Let us try to prove (¢, X,0) € 7.
Since II is following a winning strategy, we can let the game proceed
to position (¢, X,0). By the induction hypothesis, (¢, X,0) € 7.
The same argument gives (¢, X,0) € 7. Thus we have proved

¢V, X,0)€T.

S8’ Position (¢ V), X, 1). To get (pV), X, 1) € T weneed (¢, Y, 1) €
7 and (¢, Z,1) € T forsome Y and Z with X = YUZ. Indeed, the
winning strategy 7 gives an ordered pair (Y, Z) with X =Y U Z.
Let us try to prove (¢,Y,1) € 7. Since II is following a win-
ning strategy, we can let the game proceed to position (¢, Y, 1). By
the induction hypothesis, (¢,Y,1) € 7. The same argument gives

(v, Z,1) € T. Thus we have proved (¢ V¢, X,1) € T,

S9’ Position (Jx,¢, X,1). The strategy 7 gives F : X — M such
that IT has a winning strategy in position (¢, X (F'/z,),1). By the
induction hypothesis (¢, X (F/x,),1) € 7. Hence (Jx,¢, X, 1) €
7.
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S10’ Position (Jz,¢, X,0). The game continues, still following 7, to the
position (¢, X (M/x,),0). By the induction hypothesis, the triple
(¢, X(M/x,),0) is in T, and therefore (Jx,¢, X,0) € 7.

[l

Theo Janssen [15] has pointed out the following example:
Example 48 The sentence
Vaodei((=(x1) A —xg = 21) V (=(21) A "9 = 271)) (3.1)

1s true in the natural numbers. The trick is the following: For
s € {0}(N/xzy) let F(s) € {0,1} be such that F(s) # s(xg). The
team {0} (N/xo)(F/xz1) is a subset of the union of {0}(N/xzq)(Fy/x1)
and {DH(N/xo)(F1/x1), where Fy is the constant function 0 and F
is the constant function 1. Both parts satisfy (=(x1) A\ —xg = x1).

The above example shows that when we play a game that follows the
structure of a formula, we may have to take the formula structure into
the game. To accomplish this and in order to be sufficiently precise,
we identify formulas with finite strings of symbols. Variables z,, are
treated as separate symbols. The other symbols are the symbols of the
vocabulary, =, ), (, =, A, 3 and the comma. Each string S has a length,
which we denote by len(.S). We number the symbols in a formula with
positive integers starting from the left, as in:

(= (wo) V ~x0 = 1)

(|=](|zo|)|V|—|zo|=21])
21341567 819]10/11

[f the n™ symbol of ¢ starts a string which is a subformula of ¢, we

denote the subformula by A(¢, n). Thus every subformula of ¢ is of the
form A(¢, n) for some n and some may occur with several n. In the case
that ¢ is the formula (3.1), the subformula (=(z1) A =~y = 1) occurs
as both A(¢,6) and A(¢, 18). Note that:
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L. If A(p,n) = =), then A(p,n+1) =

2. If A(¢p,n) = (¢pVA), then A(¢,n+1) = ¢ and A(p, n+2+len(v))) =
6.

3. If A(p,n) = Jz 1), then A(od,n + 2) = .

We let G,..(¢) be the elaboration of the game G(¢) in which the rules
are the same as in G(¢) but the positions are of the form (¢, n, X, d),
and it is assumed all the time that A(¢,n) = ¢. Thus the formula
Y could be computed from the number n and it is mentioned in the
position only for the sake of clarity.

Definition 49 Let M be a structure. The game G, .(¢) is defined

by the following inductive definition for all sentences ¢ of depen-

dence logic. The type of the move of each player is determined by

the position as follows:

(M1') The position is (p,n,X,1) and ¢ = ¢(z;, ...,z ) is of the
form ty =ty or of the form Rty...t,,. Then the game ends. Player
II wins if

(\V/S < X)(M ): (/b(S(CIZ'Z'I), crey S(xlk)»
Otherwise player I wins.
(M2') The position is (¢,n, X,0) and ¢ = ¢(xi, ..., x;,) is of the

formty =ty or of the form Rty...t,,. Then the game ends. Player
IT wins if

(VS < X)(M I7A ¢(S(xi1)7 ey S(ﬂ?zk)))
Otherunse player 1 wins.

(M3') The position is (=(t1,...,t,), m, X, 1). Then the game ends.
Player 11 wins if M Ex =(t1, ..., t,). Otherwise player I wins.

(M4') The position is (=(t1,...,t,), m, X,0). Then the game ends.
Player IT wins if X = (). Otherwise player I wins.
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(M5') The position is (-¢,n, X,1). The game continues from the
position (¢,n + 1, X,0).

(M6') The position is (—¢,n, X,0). The game continues from the
position (p,n+ 1, X, 1).

(MT") The position is (¢Vp,n, X,0). Now player I chooses whether
the game continues from position (¢p,n + 1, X,0) or (¢Y,n+ 2+
len(g), X, 0).

(MS8') The position is (¢ V ¥, n, X,1). Now player II chooses X
and X1 such that X = XoU X1, and we move to position (¢ V
Y, n, (Xo, X1),1). Then player I chooses whether the game con-
tinues from position (¢, n+1, X, 1) or (Y, n+2+1en(¢), X1,1).

(M9') The position is (Jx,p,m, X,1). Now player I1 chooses F :
X — M and then the game continues from the position (¢, m +
2, X(F/xy,),1).

(M10") The position is (Jx,¢, m, X,0). Now the game continues
from the position (¢, m +2, X(M/x,),0).

In the beginning of the game, the position is (¢, 1,{0},1).

The following easy observation shows that coding the location of the
subformula into the game makes no difference. However, we shall use

G,..(¢) later.

Proposition 50 If player 11 has a winning strategy in G(¢), she
has a winning strategy in G, (@), and vice versa.

Proof. Assume IT has winning strategy 7 in G(¢). We describe her
winning strategy in G ..(¢). While playing G,...(¢) she also plays G(¢)
maintaining the condition that if the position in G, (¢) is (¢, n, X, d),
then the position in G(¢) is (¢, X, d) while she uses 7 in G(¢).

1. Position is (¢, n, X, d), where ¢ is t = t' or Rt;...t,,. Player II wins
since by assumption she wins G(¢) in position (¢, X, d).



Cambridge University Press 2007

2. Position is (=(t1, ..., t,),n, X, d). Player IT wins as we assume she
wins G(¢) in position (=(ty, ..., t,), X, d).

3. Position is (—¢,n, X, d). Player IT moves to the position (¢, n +
1,X,1—d)in G,.(¢) and to the position (¢, X,1 — d) in G(¢).
Her strategy is still valid.

4. Position is ((¢ V 1), n, X,0). Player II proceeds, according to the
choice of player I, to the position (¢,n + 1, X, 0) or to the position
(Y, m+2+len(¢), X,0) in G, .(¢) and, respectively to the position
(¢, X,0) or to the position (¢, X,0) in G(¢). Whichever way the
game proceeds, her strategy is still valid.

5. Position is ((¢ V), n, X, 1). We know that IT is using 7 in G(¢) so
in the position ((¢pV)), X, 1) € 7 shehas Y and Z with X = YUZ,
she can still win with 7 from positions (¢, Y, 1) and (¢, Z,1). Thus
we let player II play the ordered pair (Y, Z). After this half-round
player I wants the game to proceed either to (¢,n + 1,Y, 1) or to
(,m+2+1len(¢), Z,1). In either case player IT can maintain her
plan.

6. Position is (Jx,¢, m, X, 1). The strategy 7 gives player IT a func-
tion F' : X — M and the game G(¢) proceeds to the position
(¢, X(F/xy,),1). We let II play this function F'. The game G ,_.(¢)
proceeds to the position (¢, m + 2, X(F'/x,),1) and IT maintains
her plan.

7. Position is (3x,¢, m, X,0). Player II proceeds to the position
(p,m + 2, X(M/x,),0) in G,.(¢) and to the respective position
(¢, X(M/x,),d) in G(¢). Player IT maintains her plan.

For the other direction, assume IT has winning strategy 7 in G,..(¢).
We describe her winning strategy in G(¢). While playing G(¢) she also
(¢) maintaining the condition that if the position in G(¢) is

ppppp



Cambridge University Press 2007

(¢, X, d), then the position in G(¢) is (¢, n, X, d) for some n while she
uses 7 in G, ().

1. Position is (¢, X, d), where v is atomic. Player IT wins since by

assumption she wins G, (¢) in position (¢, n, X, d) for some n.

ppppp

2. Position in G,,.(¢) is (m¢, X,d) and in G,,_(¢) it is (=¢,n, X, d).
Player II moves to the position (¢,n+ 1, X,1 —d) in G,._.(¢) and
to the position (¢, X, 1 — d) in G(¢). Her strategy is still valid.

3. Position is ((¢ V ¥), X,0) and in G, .(¢) it is ((¢ V ¥),n, X,0).
Player IT moves to the position (¢, X, 0) or to the position (¢, X, 0)
in G,..(¢) and, respectively to the position (¢, n+ 1, X, 0) or to the
position (¢, n+2+len(¢), X, 0) in G(¢). Whichever way the game
proceeds, her strategy is still valid.

4. Position is ((¢ V ¥), X, 1) and in G, .(¢) it is ((¢p A ¥),n, X, 1).
We know that II is using 7 in G,..(¢) so in the position ((¢ V
Y),n, X, 1) € T she has Y and Z with X = Y U Z, she can still
win with 7 from positions (¢, n+1,Y, 1) and (¢, n+24+len(¢), Z, 1).
Thus we let player IT play the ordered pair (Y, Z). After this half-
round player I wants the game to proceed either to (¢, Y, 1) or to
(v, Z,1). Player II moves in G,,.(¢) respectively to (¢p,n+1,Y, 1)
or to (¥, n+2+len(¢), Z,1). In either case player IT can maintain
her plan.

5. Position is (Jz,¢, X, 1) and in G, (¢) it is (Fx,0, m, X, 1). The
strategy 7 gives player II a function F' : X — M and the game
G,..(¢) proceeds to the position (¢, m + 2, X(F/x,),1). We let
IT play this function F'. The game G(¢) proceeds to the position
(¢, X (F/x,),1) and IT maintains her plan.

6. Position is (Fz,¢, X,0) and in G,_(¢) it is (Fz,p, m, X, 0). Player
IT proceeds to the position (¢, m + 2, X(M/x,),0) in G,..(¢) and
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to the position (¢, X(M/z,),d) in G(¢). Player IT maintains her
plan.

[

Lemma 51 Suppose player I1 uses the strategy 7 in G, (¢) and the
game reaches a position (Y, n, X,d). Then X and d are uniquely
determined by T and n.

Proof. Let ko, ..., k,, be the unique sequence of numbers such that if
we denote A(o, k;) by ¢y, then ¢y = ¢, ;11 is an immediate subformula
of ¢;, and ¢, = 1. This sequence is uniquely determined by the number
n.

During the game that ended in (¢, n, X, d), the positions (omitting
half-rounds) were (¢;, ki, X;,d;), i = 0,...,m. We know that ¢y = ¢,
Xo = {0} and dy = 1. If ¢; = =11, then necessarily X;1 1 = X;
and d;;1 = 1 —d;. If ¢;41 is a conjunct of ¢;, and d; = 1, then
X1 = X;and d;y1 = 1. If ¢;1 is a conjunct of ¢, = ¥ A 0, and
d; = 0, then 7 determines, on the basis of (¢;, k;, Xj,d;), 7 =0, ..., 4,
two sets Y and Z such that X; = Y U Z. Player I chooses whether
X1 =Y or X;1 = Z. Theresult is completely determined by whether
kivi=ki+1or k1 =k +2+len(y). If ¢ = Jr,¢,41 and d; = 0,
then X;.1 = X;(M/z,) and d;;1 = d;, both uniquely determined by
X; and d;. If ¢; = dz,,¢; 11 and d; = 1, then 7 determines F': X — M
on the basis of (¢;, k;j, X;,d;), 5 =0, ...,4. Then X; 4, = X;(F/x,) and
d; = 1, again uniquely determined by 7 and Xj.

]

Exercise 48 Draw the game tree for G(¢), when ¢ is ~JxogPxy N
—3xgRxg, or Jxog(Pxo N\ Rxy).

Exercise 49 Draw the game tree for G(¢), when ¢ is Vayo(Pxg V
Rxy), or Vrodry(Pxy A dxaRroxy).
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Exercise 50 Draw the game tree for G(¢), when ¢ is Jxg—Pxy — Y (Pxg

Exercise 51 Let L consist of two unary predicates P and R. Let
M be an L-structure such that M = {0,1,2,3}, P = {0,1,2},
RM ={1,2,3}. Who has a winning strategy in G(¢) if ¢ is Vao(Pry —
3331(_'(330 = 331) N PZU() N RCEl)) ?

Exercise 52 Use the game tree to analyze the formula (3.1).

Exercise 53 Suppose M is the binary structure ({0, 1,2}, R), where
R is as in Figure 3.1. Who has a winning strategy in G(¢) if ¢ is
Vaodx (- Rxoxy A Vaedxs(=(x9, x3) A " Raxoxs))? Describe the win-
ning strategy.

Exercise 54 Suppose M is the binary structure ({0, 1,2}, R), where
R is as in Figure ?77. Who has a winning strategy in G(¢) if ¢
18 HIO\V/Il(RZL‘()LCl V EIxQng(:(xg, $3) — RCUQZL‘g))7 Describe the win-
ning strategqy.

Exercise 55 Show that if T is a strategy of player I1 in G(¢) and
o is a strategy of player 1 in G(¢), then there is one and only one
play of G(¢) in which player I1 has used T and player 1 has used
o. We denote this play by |1, 0].

Exercise 56 Show that a strategy T of player 11 in G(¢) is a win-
ning strateqy if and only if player I1 wins the play |1,0| for every
strateqy o of player I.

3.3 An Imperfect Information Game for Dependence Logic

The semantics of dependence logic can be defined also by means of a sim-
pler game. In this case, however, we have to put a uniformity restriction
on strategies in order to get the correct truth-definition. The restriction
has the effect of making the game a game of partial information.
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As in the previous section, we pay attention to where a subformula
occurs in a formula. This is taken care of by the parameter n in the
definition below. It should be borne in mind that conjunctions are
assumed to have brackets around them, as in (¢» A €). Then if this
formula is A(¢, n), we can infer that ¥ is A(¢,n+ 1) and 0 is A(¢p,n +

2+ len(v)).

Definition 52 Let ¢ be a sentence of dependence logic. The se-
mantic game H(¢) in a model M is the following game: There
are two players, I and II. A position of the game is a quadruple
(¢, m,s,«), where 1 is A(¢p,n), s is an assignment the domain of
which contains the free variables of ¥, and o € {I,11}. In the be-
ginning of the game the position is (¢,1,0,II). The rules of the
game are as follows:

1. The position is (t; = to,n, s, a): If tiM(s) = t8(s), then player
a wins and otherwise the opponent wins.

2. The position is (Rty ... ty,,n,s,a): If s satisfies Rty ...ty in M,
then player o wins, otherwise the opponent wins.

3. The position is (=(t1,...,tm),n,s,a): Player a wins.

4. The position is (—¢,n, s,a): The game switches to the position
(p,n+ 1,s,a*), where o™ is the opponent of a.

5. The position is (YVO,n, s, «): The next position is (¥, n+1, s, a)
or (0,n+2+len(v), s, ), and o decides which.

6. The position is (x,,¢,n, s, a): Player a chooses a € M and the
next position is (¢, n + 2, s(a/xy,), ).

Thus (=(t1, ..., tn), n, S, ) is a safe haven for a. Note that the game
is a determined zero-sum game of perfect information. However, we are
not really interested in who has a winning strategy in this determined
game, but in who has a winning strategy with extra uniformity, as
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defined below. The uniformity requirement in effect makes the game
into a non-determined game of imperfect information.

The concepts of a game tree, play and partial play are defined for this
game exactly as for the game G(¢).

Definition 53 A strategy of player o in H(¢) is any sequence T
of functions 1; defined on the set of all partial plays (po, ..., Pi—1)
satisfying:

o Ifpi1=(pV,n, s a), then T tells player a which formula to
pick, i.e. 7;(po, ...,pi—1) € {n+1,n+2+len(¢)}. If the strategy
gives the lower value, player o picks the left-hand formula ¢,
and otherwise the right-hand formula 1.

o If pp1 = (Fzpp,n,s,a), then T tells player a which element
a € M to pick i.e. 7;(pg,...,pi—1) € M.

We say that player o has used strateqy T in a play of the game
H(®) if in each relevant case player o has used T to make his or
her choice. More exactly, player o has used T in a play py, ..., pn if
the following two conditions hold for all + < n:

i [fpi—l — (?b V wamasaQ) a’nd Ti<p07 "'7pl'—1) = m + 17 th@n Pi =
(p,m + 1,8, ), while if 7,(po,...,pi—1) = m + 2 + len(¢), then
pi = (M m+ 2+ len(¢)7 S, Ck)'

® ]fpi—l - (Hﬂfkgb, m,s, O‘) and Ti(p07 "'7pi—1> = Q, then pi = (¢7 m-
2,s(a/xp), ).

A strategy of player o in the game H(¢) is a winning strategy, if
player o wins every play in which she has used the strategy.

Definition 54 We call a strategy T of player 11 in the game H(¢)
uniform if the following condition holds: Suppose (A(p,m), m, s, I1)
and (A(p,m), m, s II) are two positions arising in the game when
IT has played according to T. Moreover we assume that A(p,m) is
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=(t1, ..., tn). Then if s and s' agree about the values of t1,... t, 1,
they agree about the value of t,,.

Theorem 55 Suppose ¢ is a sentence of dependence logic. Then
M [y ¢ if and only if player I1 has a uniform winning strategy
in the semantic game H(¢).

Proof. Suppose M Ex ¢. Let 7 be a winning strategy of II in
G,..(¢). Consider the following strategy of player IT: She keeps playing
G,..(¢) as an auxiliary game such that if she is in a position (¢, n, X, d)
in G,..(¢) and has just moved in the semantic game, then:

(%) Suppose the position is (¢, n, s, ). Then ITisin a position (¢, n, X, d),
playing 7, in G, (¢) and s € X. If a =1l thend=1. Ifa=1
then d = 0.

Let us check that IT can actually follow this strategy and win. In the
beginning M =gy ¢, so (x) holds.

l.gpisty =ty or Rty...t, If a=1I, ssatisfies ¢ in M. So II wins.
If « =1, s does not satisfy ¢ in M, and again II wins.

2. ¢ is =(t1, ..., t,). If a = II, then IT wins by definition. On the other
hand s € X, so X # (), and we must have o = II.

3. ¢ is =) and the position in G,_.(¢) is (=, n, X, d). By the rules of
G.,..(¢), the next position is (¢»,n 4+ 1, X, 1 — d). So the game can
proceed to position (¢, n + 1, s, a*) and IT maintains ().

4. ¢ is (1pVO) and the position in G, (¢) is ((v»V0),n, X, d). Suppose
a = I and d = 0. Then both (¢»,n +1,X,d) and (6,n + 2 +
len(v), X, d) are possible positions in G,.(¢) while IT uses 7. The
next position is (¢, n + 1,5,0) or (0,n + 2 + len(v)y), s,0), and I
chooses which. Condition (%) remains valid, whichever she has to
hold. Suppose then o« = II and d = 1. Strategy 7 gives Xy and X,
such that X = Xy U X; and II wins with 7 both in the position
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(,n+1, Xp, 1) and in (0, n + 2+ len(e)y), X1,1). Since s € X, we
have either s € Xy or s € X;. Let us say s € Xi. We let I play 9
in G,..(¢). The game G, (¢) proceeds to (¢, n + 1, Xy, 1). We let
IT play in H(¢) the sentence 1. Condition (%) remains valid. The
situation is similar if s € Xj.

5. ¢ is dxy. We leave this as an exercise.

We claim that the strategy is uniform. Suppose s and s’ are as-
signments arising from the game when II plays the above strategy and
the game ends in the same dependence formula =(t,...,t,). Let the
ending positions be (A(¢p,n), s, ) and (A(¢,n), s, a). Since II wins,
a = II. When the games ended, player II had reached the position
(=(t1, ..., tn), n, X, 1) on one hand and the position (=(t1, ..., t,), n, X', 1)
on the other hand in G, (¢) playing 7. By Lemma 51, X = X'. Sup-
pose s and s agree about the values of ¢1,...,t,_1. Since IT wins in
the position (=(t1,...,t,),n, X, 1) and s,s" € X, it follows that s and
s agree about the value of ¢,. This strategy gives one direction of the
theorem.

For the other direction, suppose player Il has a uniform winning
strategy 7 in the semantic game starting from (¢, 1,0, ITI). Let X,
be the set of s such that (A(¢p,n),n, s, «) is the position in some play
where II used 7. Note that « depends only on n, so we can denote
it by a,. We show by induction on subformulas A(¢,n) of ¢ that
(A(p,n), Xp,d,) € T, where d,, = 1 if and only if a;, = II. Putting
n = 1 we get a; = II and we get the desired result.

1. Suppose A(¢p,n) is t; = ty or R(ty,...,t,). We show that the
quadruple (A(¢,n),n, X,,,d)isin 7. Let s € X,,. Let the quadruple
(A(¢,m),n, s, ay) be a position in some play where IT used 7. Since

IT wins with 7, (A(¢,n), X,,,d) € T.

2. Suppose A(¢,n) is =(ty,...,t,). Suppose first oy, = II. Suppose
s and s are in X,, and agree about the values of t1,...,¢,_1. By
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the definition of X,,, (A(¢,n),n,s,II) and (A(¢,n),n,s’, II) are
positions in some plays where II used 7. Since 7 is uniform, s and
s agree about the value of t,,. The case «,, = I cannot occur since
T 1s a winning strategy.

3. Suppose A(¢p,n) is —p. Note that X,, = X,,11. By the induction
hypothesis, (¢, X,,, 1 —d) € T, hence (-, X,,,d) € 7.

4. Suppose A(p,n) is (¢p V ). Suppose first «,, = I. Then both
(A(g,n+1),n+1,s,I) and (A(p, n+2+len(y)), n+2+len(y)), s, I)
can be a positions in some plays where II has used 7. By the
induction hypothesis, (¢, X;,41,0) € 7 and (0, X, 241en(y),0) € 7.
Note that X,, € X, 41 N X, iotien(y). Hence (¢ VvV 0,X,,0) € T.
Suppose then «a,, = II. Now X = Y U Z, where Y is the set of
s € X, such that (A(p,n + 1),n + 1,s,,) and Z is the set of
s € X,, such that (A(¢p,n+2+1en(v))), n+2+len(v), s, o) By the
induction hypothesis, (¢, X,11,1) € 7 and (0, X, 10 1en(y), 1) € 7.
Hence (¥ A 0, X,,,1) € T.

5. Suppose A(¢,n) is dxp. We leave this as an exercise.
[]

Exercise 57 Draw the game tree for H(¢), when ¢ is (—3xg=(xg) V =3x R
Exercise 58 Draw the game tree for H(¢), when ¢ is Vxo3zi(=(z1) V Rxp).
Exercise 59 Draw the game tree for H(¢), when ¢ is Jxo(—Pxy — Vi (=(a

Exercise 60 Let L consist of two unary predicates P and R. Let
M be an L-structure such that M = {0,1,2,3}, PM = {0,1,2}
and RM = {1,2,3}. Who has a winning strateqy in H(¢) if ¢ is
dzo(=(xg) N Rxo)? Describe the winning strategy.

Exercise 61 Let M be as in Exercise 60. Does 11 have a uniform
winning strateqy in H (@) if ¢ is the sentence Vxo(Pxy — Jxi(=(xg, x1) A (.
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Exercise 62 Let M be as in Ezxercise 60. Does II have a uniform
winning strategqy in H (@) if ¢ is the sentence dxo(Pxy A Vri(=(zg, 1) V (x¢

Exercise 63 Suppose M is the binary structure ({0, 1,2}, R), where
R is as in Figure 77. Does II have a uniform winning strategy in

H(¢) if ¢ is Vrodri(—mRxoxy A Vrodrs(=(x, x3) A " Rxoxs3))?

Exercise 64 Suppose M is the binary structure ({0, 1,2}, R), where
R is as in Figure 77. Does II have a uniform winning strateqy in

H(gb) Zf gb 18 ElQZQVQ?l(RJZQZI?l V HQTQVQ?g(:(CUQ, .273) — Rﬂfgﬂfg))?

Exercise 65 Show that neither of the below two winning strategies
of player I1 in H (@) is uniform, when ¢ is the sentence Vaxy3xi((=(x1)A
zo=x1) V (=(21) A xg = 71)) and the universe is {0,1,2}.

To|lxy| V To|lxy| V
00| left 00| left
1] 1| left 1|1 |right
212 |right 2|2 |right

Exercise 66 Which of the below two strategies of player I1 in H(¢)
can be completed so that the strateqy becomes a uniform winning
strategy of I1? Here ¢ is the sentence Vxo3xi((=(x1) A~z = 1) V
(=(x1) A mxg = x1))) and the universe is {0,1,2}.

To|x1| V Tolx1| V
0] 2| left 0] 1] left
12 12
210 |rmght 2|0 |right
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Chapter 4

Model Theory

Many model theoretic results for dependence logic can be proved by
means of a reduction to existential second order logic. We establish this
reduction in the first section of this chapter. This gives immediately such
results as the Compactness Theorem, the Lowenheim-Skolem Theorem,
and the Craig Interpolation Theorem.

4.1 From D to X}

We associate with every formula ¢ of dependence logic a second order
sentence which is in a sense equivalent to ¢. This is in fact nothing more
than a formalization of the truth definition of ¢ (Definition 5). What is
interesting is that the second order sentence, which we denote by 71 4(.5),
is not just any second order sentence but a particularly simple second
order existential sentence, called a Y1-sentence. Such sentences have a
close relationship with first order logic, especially on countable models.
[t turns out that their relationship with dependence logic is even closer.
In a sense they are one and the same thing. It is the main purpose of
this section to explain exactly what is this sense in which they are one
and the same thing.

Theorem 56 We can associate with every formula ¢(x;,, ..., x;,)
of D in vocabulary L and every d € {0,1} a X}-sentence 74,(S),
where S 1s n-ary, such that for all L-structures M and teams X
with dom(X) = {x;, ..., x;, } the following are equivalent
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1. (¢, X,d) e T
2. (M,X) ): Td7¢<s>.

Proof. We modify the approach of [13, Section 3] to fit our setup. The
sentence 744(S) is simply Definition 5 written in another way. There
is nothing new in 7,4,(S5), and in each case the proof of the claimed
equivalence is straightforward (see Exercises 7?7 and 77).

Case 1: Suppose ¢(z;,, ..., x;,) is t] =ty or Riy...t,. We rewrite (D1),

(D2), (D5) and (D6) of Definition 5 by letting 71 4(S) be Va, ...V, (Sxj, ...
d(xiy, ..., Ti,)) and by letting 7 4(S) be V..V, (Sx;,...x;, — —d(xy, ..

Case 2:

Suppose ¢(x;,, ..., T;,) is the dependence formula

=(t1(Xiyy ey Tiy))y ooy b (T, -y 4, ) ), Where 47 < ... < 4. Recall con-
ditions (D3) and (D4) of Definition 5. Following these conditions, we
define 7 4(.5) as follows:

Subcase 2.1: m = 0. We let 71 4(5) = T and 794(S) = - T.

Subcase 2.2: m = 1. Now ¢(z;,, ..., z;,) is the dependence formula
=(t1(zi, ooy 4,)). We let 71 4(S) be the formula

vxllVCL‘Z”\VIQZ@H_|_1\V/ZBM+”((SQZ”l’zn AN S$¢n+1...$in+n)
— tl(xz‘l; ceny xzn) = tl(xz'n+1, cens QL’Zan))
and we further let 79 4(S) be the formula V;,...Vz; =Sz, ...x;, .

Subcase 2.3: If m > 1 we let 7y 4(5) be the formula

VazzlVxan:cZnHVxWrn((Sx“xzn N Sﬂfin+1...$in+n N

t (i s ) = U Tig1s ooy Tiyn) A

t—1(Tips ooy Tiy) = tn—1(Tiy 41, oo, Tipin))
— tm(ilj’il, PN xm) = tm(aj’in+1, cens $2n+n))

and we further let 7 4(S) be the formula Va;, ... Va; —~Sx;,...x;, .

Case 3: Suppose ¢(z;,, ..., ;,) is the disjunction

n

733%))
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(W(xjyy s j,) V O@py, .y 2,)), where {i1, ... in} = {Jj1,.., Jp} U
{k1, ..., k;}. We let the sentence 71 4(5) be

E|RE|T(7'17¢(R) N 7'179(T)/\
V..V, (S .2, — (Rxj,..x5 V Tay,..xp,)))

and we let the sentence 7 4(S) be

EIRHT(T()jw(R) N TO’Q(T)/\
V.. Vo, (S ..v, — (Raj ..oy A Tay,..op,))).

Case 4: ¢ is ™). 744(S) is the formula 7_q.,(.5).
Case 5: Suppose ¢(x;j, ..., T;,) is the formula 3z, , (2, ..., T4, )
71.4(9) is the formula

HR(TI,¢<R) A\ \V/ZU“\V/LCM(SCU“CUM — E|CE¢n+1RSUZ'1...SUZ'n+1>)
and 79 4(5) is the formula

JR(10,4(R) A Va;,..Vx; (S, .25, — YV, Rai .., ).
[]
fVaVyd(z,y, f(z,y), [y, v))
VaVy3dzVa'Vy' 32/
(= (2", y, ')A
(z=2"ANy=y)—2z=2)A
(z=y' N’ =y) = d(z,y,2,7))

Corollary 57 For every sentence ¢ of D there are i -sentences T,
and 1y 4 such that for all models M we have M |= ¢ if and only if M |=
T1.5.M = ¢ if and only if M = 194

Proof. Let 744 be the result of replacing in 74 4(S5) every occurrence
of the O-ary relation symbol .S by T. Now the claim follows from The-
orem 56. []



Cambridge University Press 2007

Exercise 67 Write down ) 3,, —(;,)(S) and 793, — ) (S).
Exercise 68 What is 11 4(S) if ¢ is 3xi(=(z1) V 21 = x¢) ?
Exercise 69 What is 11 4(S) if ¢ is: VroIwVaeIrs(=(xe, x3) A = (x1 = 24)

Exercise 70 Show that if ¢ is X1, M = ¢ and M = N, then
N E ¢.

4.2 Applications of X}

The Yi{-representation of D-formulas yields some immediate but all the
same very important applications. They are all based on model theoretic
properties of first order logic, which we now review:

Compactness Theorem of first order logic: Suppose T' is an
arbitrary set of sentences of first order logic such that every finite subset
of T" has a model. Then T itself has a model.

Lowenheim-Skolem Theorem of first order logic: Suppose
¢ is a sentence of first order logic such that ¢ has an infinite model
or arbitrarily large finite models. Then ¢ has models of all infinite
cardinalities.

Craig Interpolation Theorem of first order logic: Suppose
¢ and 1) are sentences of first order logic such that = ¢ — 1. Suppose
the vocabulary of ¢ is Ly and that of ¢ is L. Then there is a first order
sentence 6 of vocabulary Ly N Ly such that = ¢ — 6 and = 6 — 1.

We can now easily derive similar results for dependence logic by ap-
pealing to the Yl-representation of D-sentences:

Theorem 58 (Compactness Theorem of D) Suppose ' is an ar-
bitrary set of sentences of dependence logic such that every finite
subset of I' has a model. Then I' itself has a model.

Proof. Let I' = {¢; : i € I} and let L be the vocabulary of I". Let
Tl = EIS{...EISfliwi, where 1); is first order. By changing symbols we
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can assume all S} are different symbols. Let T" be the first order theory
{¢pi 4 € I} in the vocabulary L' = LU{S} : 7 € I,1 < j < n;}.
Every finite subset of T' has a model. By the Compactness Theorem of
first order logic there is an L'-structure M’ that is a model of the theory
T itself. The reduction M = M’'[L of M’ to the original vocabulary
L is, by definition, a model of I'. [

Theorem 59 (Léwenheim-Skolem Theorem of D) Suppose ¢
1s a sentence of dependence logic such that ¢ either has an infinite
model or has arbitrarily large finite models. Then ¢ has models of
all infinite cardinalities, in particular, ¢ has a countable model and
an uncountable model.

Proof. Let 7 4 = 35;...35,¢, where v is first order in the vocabu-
lary L' = LU{S}, ..., S,}. Suppose k is an arbitrary infinite cardinal
number. By the Lowenheim-Skolem Theorem of first order logic there
is an L'-model M’ of 4 of cardinality k. The reduction M = M’[L of
M’ to the original vocabulary L is a model of ¢ of cardinality x. [J

Corollary 60 ([21]) A sentence of dependence logic in the empty
vocabulary is true in one infinite model (or arbitrarily large finite
ones) if and only it is true in every infinite model.

Proof. All models of the empty vocabulary of the same cardinality
are isomorphic. Thus the claim follows from Theorem 59. []

We shall address the Craig Interpolation Theorem later and derive
first a Separation Theorem which is an equivalent formulation in the
case of first order logic.

Theorem 61 (Separation Theorem) Suppose ¢ and ¥ are sen-
tences of dependence logic such that ¢ and v have no models in
common. Let the vocabulary of ¢ be L and the vocabulary of 1 be
L'. Then there is a sentence 0 of D in the vocabulary L N L' such
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that every model of ¢ is a model of 6, but 6 and v have no models
i common. In fact, 0 can be chosen to be first order.

Proof. Let 7 4 = 351...35,¢¢, where ¢y is first order in the vocabu-
lary Ly. Let 7y 4 = 357...35],10, where 1)y is first order in the vocabu-
lary L. Without loss of generality, {51, ..., S, }N{S7, ..., S! } = (). Note
that = ¢g — =y for if M is a model of ¢g A 1)y, then ML | ¢ A,
contrary to the assumption that ¢ and v have no models in common. By
the Craig Interpolation Theorem for first order logic there is a first order
sentence @ of vocabulary L N L' such that | ¢y — 6 and = 6 — —y.
Every model of ¢ is a model of #, but # and ¢ have no models in
common. []

A particularly striking application of Theorem 61 is the following spe-
cial case in which ¢ and 9 not only have no models in common but
furthermore every model satisfies one of them:

Theorem 62 (Failure of the Law of Excluded Middle) Suppose
¢ and 1 are sentences of dependence logic such that for all mod-
els M we have M = ¢ if and only if M - . Then ¢ is logically
equivalent to a first order sentence 6 such that v s logically equiv-
alent to —0.

Proof. The first order 6 obtained in the proof of Theorem 61 is the 6
we seek. [

Note that it is perfectly possible to have for all finite models M
M = ¢ if and only if M }£ ¢ without ¢ or ¥ being logically equivalent
to a first order sentence. For example, in the empty vocabulary ¢ can
say the size of the universe is even while ¢ says it is odd.

Definition 63 A sentence ¢ of dependence logic is called deter-

mined in M if M | ¢ or M = —=¢. Otherwise ¢ is called non-
determined in M. We say that ¢ is determined if ¢ s determined
in every structure.
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A typical non-determined sentence (from [1]) is Vag3xi(=(x1) Axg =
x1), which is non-determined in every structure with at least two ele-
ments. The following corollary shows that it is not at all difficult to find
other non-determined sentences.

Corollary 64 Fvery determined sentence of dependence logic s
strongly logically equivalent to a first order sentence.

Proof. Suppose ¢ is determined. Thus for all M we have M | ¢
or M | —¢. It follows that for all M we have M = ¢ if and only if
M }£ —¢. By Theorem 62 there is a first order 6 such that ¢ is logically
equivalent to 8 and —¢ is logically equivalent to —6. Thus ¢ is strongly
logically equivalent to 6. [

Thus we can take any sentence of dependence logic, which is not
strongly equivalent to a first order sentence, and we know that there are
models in which the sentence is non-determined.

Example 65 The sentence Py is non-determined in every infinite
well-ordered structure. This can be seen either by a direct argument
based on the truth definition, or by the following indirect argument:
Suppose M is an infinite well-ordered linear order in which Py s
determined. Thus M | —®Oye. Let ' be the following set of sen-
tences of dependence logic: — Dy, c1 < o, Ca < C1yovvy Cpg1 < Cn,y -
It is evident that every finite subset of I' is true in an expansion
of M. By the Compactness Theorem there is a model M’ of the
whole I'. Then M’ is ill-founded and therefore satisfies Oye. This
contradicts the fact that M’ also satisfies ~Pyy.

For more examples of non-determinacy, see [28].

Exercise 71 Show that the sentence Oyt s non-determined in all
sufficiently big finite linear orders.

Exercise 72 Show that ®uyen is non-determined in every sufficiently
large finite model of odd size.
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Exercise 73 Show that @, 1s non-determined in every sufficiently
big finite model.

Exercise 74 Show that @y is non-determined in every complete
dense linear order.

Exercise 75 Suppose ¢,, n € N, are sentences of D such that each
On 1S true in some model, and moreover ¢,.1 = ¢, for all n. Show
that there is one model M in which each ¢, s true.

Exercise 76 Show that if ¢ is a sentence of D and v is a first
order sentence such that every countable! model of ¢ is a model of
W, then every model of ¢ s a model of 1.

Exercise 77 Give a sentence ¢ of D and a first order sentence 1)
such that every countable model of 1 is a model of ¢ and vice versa,
but some model of 1 is not a model of ¢.

4.3 From X! to D

We have seen that representing formulas of dependence logic in X1 form
is a powerful method for getting model theoretic results about depen-
dence logic. We now show that this method is in a sense the best possi-
ble. Namely, we can also translate any Yl-sentence back to dependence
logic.

We prove first a fundamental property of first order and 31 formulas.
[ts various formulations all carry the name of Thoralf Skolem ([24] (see
25])), who proved the below result already in 1920. The basic idea is
that the existential second order quantifiers in front of Y{-formulas are
so powerful that they subsume all other existential quantifiers.

Theorem 66 (Skolem Normal Form Theorem) Every Y1 for-
mula ¢ is logically equivalent to an existential second order formula

1i.e. countably infinite or finite
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where Y is quantifier free and fi, ..., f, are function symbols. The
formula (4.1) is called a Skolem Normal Form of ¢.

Corollary 67 (Skolem Normal Form Theorem for D) For ev-
ery formula ¢ of dependence logic and every d € {0,1} there is a
Y1-sentence T;4(S) of the form

df1...Af.Vey .. . Vr,v, (4.2)
where 1 1s quantifier free, such that the following are equivalent:
1. (p,X,d) e T
2. (M, X) E 75,4(5)

In particular, for every sentence ¢ of dependence logic there are X1 -
sentences 1y , and Ty , of the form (4.2) such that for all models M
we have M = ¢ if and only if M = 77 . M = ~¢ if and only if M =
To.6-

The above corollary gives an easy proof of the Lowenheim-Skolem
Theorem for dependence logic (Theorem 59). Namely, suppose ¢ is a

given sentence of dependence logic with an infinite model or arbitrarily
large finite models. By compactness we may assume ¢ indeed has an

infinite model M. Let Tid) be of the form If;...3f,Vri... V0.

Thus there are interpretations fZMI of the function symbols f; in an
expansion of M’ of M such that M’ satisfies V1 ...Vx,,1. Let N be
a countable subset of M such that N is closed under all the n functions
flMI. Because Vxq ... Vz,,1 is universal, it is still true in the countable
substructure M* of M generated by N. Thus M™ is a countable model
of ¢. This is in line with the original proof of Skolem. If we wanted
a model of size k for a given infinite cardinal number k, the argument
would be similar but we would first use compactness to get a model of
size at least k.
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Theorem 68 ([4],[30]) For every Xi-sentence ¢ there is a sen-
tence ¢* in dependence logic such that for all M: M | ¢ <=

M= ¢".
Proof. We may assume ¢ is of the form
b =4f...3f. V... Vo, 0, (4.3)

where 1) is quantifier free. We will perform some reductions on (4.3) in
order to make it more suitable for the construction of ¢.

Step 1:1If 1 contains nesting of the function symbols fi,..., f, or of
the function symbols of the vocabulary, we can remove them one by one
by using the equivalence of = ¥(f;(t1,...,tn)) and Vay ...V, ((t =
Ty N Aty = X)) — U(fi(x1, ..., 2p))). Thus we may assume that
all terms occurring in v are of the form x; or fi(xi,, ..., ;).

Step 2:1f 1 contains an occurrence of a function symbol fi(z;, ..., z;,)
with the same variable occurring twice, e.g. 15 = 1,, 1 <7 < k, we can
remove such by means of a new variable x; and the equivalence

Vi .. Vo,V (o =2, — Y(fi(zi, - i T Ty - -5 Tiy)))
Thus we may assume that if a term such as fi(z;,, ..., ;) occurs in 1,
its variables are all distinct.

Step 3: If ¢ contains two occurrences of the same function symbol but
with different variables or with the same variables in different order,
we can remove such using appropriate equivalences. If {iq,...,7x} N
{91, ..., jx} = 0, we have the equivalence

): Vl‘l .. \Vlﬂfmw(fz(ﬂf“, . 733%)7 fi(asjl, e ,Zlﬁjk» —
Elfi’V:cl . . Vﬂj’m(w(‘ﬂ([ﬁ“, . e ,SUik), fi/(x]i? . . ,.ijk>> N
(@i, =25, Ao N ), = x5,) —

fi(xip SR 7xik) — fz’l(lea R ,J?jk)))
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We can reduce the more general case, where {i1, ..., 71} N {Jj1, ..., jp } #
(0, to this case by introducing new variables, as in Step 2. (We are
grateful to Ville Nurmi for pointing out the necessity of this.) Thus we
may assume that for each function symbol f; occurring in ) there are
Jh.L ,jﬁ% such that all occurrences of f; are of the form fi(azﬁ-, e x%z)
and ji, ..., jﬁnl are all different from each other.

In sum we may assume the function terms that occur in 1 are of
the form fz(:c HEREREY ) and for each ¢ the variables Tjiseoos Ty, and
their order is the same. Let IV be greater than all the z, i Followmg

the notation of (4.3), let ¢* be the sentence

Vor.. . Ve,deyir ... 3TNan (:(xj%, L ’xj%ll’xN“) A
(:<$j?7 SN ,ZUj%n, QZN+n) A\ ¢/>
where 1)’ is obtained from v by replacing everywhere fi(xﬁa s T Z)

by x ;. This is clearly the desired sentence. [

[t is noteworthy that the D-representation of a given Yl-sentence given
above Is of universal-existential form, that is, of the form Vx,,, ...V, Jdx,,, ...
where v is quantifier-free. Moreover, 1 is just a conjunction of depen-
dence statements =(z1, ..., x,) and a quantifier-free first order formula.
This is a powerful normal form for dependence logic.

Corollary 69 For any sentence ¢ of dependence logic of vocabulary
L and for every L' C L there is a sentence ¢' of dependence logic
of vocabulary L' such that the following are equivalent:

LME.
2. There is an expansion N of M such that N = ¢.

Proof. Let 1) be a Xi-sentence logically equivalent with ¢. We assume
for simplicity that L \ L' consists of just one predicate symbol R. Let
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@' be a sentence of dependence logic logically equivalent with the Xi-
sentence dRY. Then ¢ is a sentence satisfying the equivalence of the
conditions 1 and 2. [

Corollary 69 implies in a trivial way the

Corollary 70 (Uniform Interpolation Property) Suppose ¢ is
a sentence of D. Let L be the vocabulary of ¢. For every L' C L
there is a sentence ¢ of D in the vocabulary L' which is a uniform
interpolant of ¢ in the following sense: ¢ = ¢' and if ¥ is a sen-
tence of D in a vocabulary L"” such that ¢ = ¢ and LN L" = L/,
then ¢ = 1.

Proof. Let ¢ be as in Corollary 69. By its very definition, ¢’ is
a logical consequence of ¢. Suppose then ¢ is a sentence of D in a

vocabulary L” such that ¢ = ¢ and LN L" = L. If M" is an L"-
structure which is a model of ¢, then M”[L’ is a model of ¢’, whence
there is an expansion M of M”[L’ to a model of ¢. Since ¢ = 1», M
is a model of . But M[L" = M"|L". Thus M" =1¢. O

For a version of the Beth Definability Theorem, see Exercise 86.

Exercise 78 Give a Skolem Normal Form for the following first or-
der formulas Vxo3drizg = 1, vV —xg = x1, (3xgProVVry-Pxg).

Exercise 79 Give a Skolem Normal Form for the following first
order formula Yxg3xVro3xs((xg = x4 — —(x1 = x4)) A (19 < 23 <
1 < T9))).

Exercise 80 Write the following Xi-sentences in Skolem Normal
Form:

1. Fxg3fVr1(—fry = xog AV (frg = fr1 — xg = x1)).

2. ElR(Va:OVa:NxQ((RxOxl N RZCliCQ) — Rl‘o.ﬁig)
N\ V%QVCCl(RIEQCLj V RCL’l.CE() V o — .CE1)
A\ VCC()ﬁRx()CCO N \V/LE()HSCle()ZCl) .
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Exercise 81 Give a sentence of D which is logically equivalent to
the following Xi-sentence in Skolem Normal Form:

1. 3fo3 fiVxoVr19(0, 21, fol2o, 21), f1(20, 21)).
2. fo3fiVzoVa1d(20, 21, folT0, 21), fi(21)).
8. fo3fiVzod(x0, folxo), fi(x0)).

In each case ¢ is quantifier-free and first order.

Exercise 82 Give a sentence of D which 1s logically equivalent to
the X1-sentence

3fV2Vr10(30, 21, f (0, 21), f (21, 70)),

where ¢ is quantifier-free.

Exercise 83 Express the Henkin quantifier ( zi gz ) R(z,y,u,v) <

AfdgVaVuR(x, f(x),u, g(u))by a formula of dependence logic.

Exercise 84 Suppose M 1is an L-structure and P C M". We say
that P is D-definable in M if there is a sentence ¢(ci,...,c,) of
D with new constant symbols c1, ..., c, such that the following are
equivalent for all aq, ...,a, € M:

1. (&1,...,an) e P
2. (M;aflp ---;an) ’: ¢7

where (M, aq, ..., a,) denotes the expansion of M obtained by inter-
preting ¢; in (M, aq,...,a,) by a;. We then say that ¢ defines P in
M. Show that if P and ) are D- definable, then so are PN Q) and
P U Q), but not necessarily P\ Q.

Exercise 85 Recall the definition of D-definability in a model in
FEzercise 84. Let L be a vocabulary. Suppose v 1s a D-sentence in a

vocabulary L U{ R}, where R is a new n-ary predicate symbol. We
say that R is D-definable in models of v, if there is a D-sentence ¢
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of vocabulary L U {cy,...,c,} such that ¢ defines R in every model
of ¥. Prove the following useful criterion for D-undefinability: If 1)
has two models M and N such that M|L = N'|L but RM # RV,

then R is not D-definable in models of 1. (In the case of first order
logic this is known as the Padoa Principle. )

Exercise 86 Recall the definition of D-definability in models of a
sentence in Exercise 85. Let L be a vocabulary. Suppose ¢ is a D-
sentence in a vocabulary LU{R}, where R is a new n-ary predicate
symbol. Suppose any two models M and N of ¢ such that M|L =
N L satisfy also RM = RN Show that R is D-definable in models
of ¥ (In the case of first order logic this is known as the Beth
Definability Theorem. )

Exercise 87 [2] Suppose ¢ and v are D-sentences such that no
model satisfies both ¢ and . Show that there is a sentence 6 of D
such that M = ¢ if and only if M = 0 and M = ¢ if and only if M |=
—6.

4.4 Truth-Definitions

In 1933 the Polish logician Alfred Tarski defined the concept of truth
in a general setting (see e.g. [26]) and pointed out what is known
as Tarski’'s Undefinability of Truth argument: no language can de-
fine its own truth, owing to the Liar Paradoz, namely to the sentence
“This sentence is false.” This sentence is neither true nor false, contrary
to the Law of Excluded Middle, which Tarski took for granted. Already
1931 the Austrian logician Kurt Godel (see [7]), working not on arbitrary
formalized languages but on first order number theory, had constructed,
using a lengthy process referred to as the arithmetization of syntax, the
sentence “This sentence is unprovable.” This sentence cannot be prov-
able, for then it would be true, hence unprovable. So it is unprovable and
hence true. Its negation cannot be provable either, for else the negation
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would be true. So it is an example of a sentence which is tndependent
of first order number theory. This is known as Godel’s First Incomplete-
ness Theorem. Godel’s technique could be used to make exact sense of
undefinability of truth (see below) and to prove it exactly for first order
number theory.

Exercise 88 Consider “If this sentence is true, then its negation
15 true.” Derive a contradiction.

Exercise 89 Consider “It is not true that this sentence is true.”
Derive a contradiction.

Exercise 90 ([19]) Consider the sentences
(1) It is raining in Warsaw.

(2) It is raining in Vienna.

(3) Ezactly one the sentences (1)-(3) is true.

Under what kind of weather conditions in Europe is sentence (3)
paradozical?

4.4.1 Undefinability of Truth

To even formulate the concept of definability of truth we have to intro-
duce a method for speaking about a formal language in the language
itself. The clearest way of doing this is by means of Godel-numbering.
Each sentence ¢ is associated with a natural number "¢, its Godel-
number, in a systematic way, described in section 4.4.2. Moreover, we
assume that our language has a name n for each natural number n.

Definition 71 A truth-definition for any model M and any formal
language L, such as first order logic or dependence logic, is a for-
mula 7(xg) of some possibly other formal language L' such that for
each sentence ¢ of L we have

M = ¢ if and only if M |=1("¢7). (4.4)
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A stronger requirement would be M = ¢ <> 7("¢™"), but this would
be true only in the presence of the Law of Excludal\/[iddle, as (¢ «
) = (¢ V —¢). An even stronger requirement would be the provability
of ¢ < 7(T¢™") from some axioms, but we abandon this, too, in the
current seuE

By the vocabulary Ly, .y of arithmetic we mean a vocabulary ap-
propriate for the study of number theory, with a symbol N for the set
of natural numbers. We specify Ly »y in detail below. We call an
L-structure M, where L 2 L .y, “a model of Peano’s axioms” if
the reduct of M,, to the vocabulary {IV,+, x} satisfies the first order
Peano axioms of number theory. The results on definability of truth are
relevant even if we assume that N is the whole universe of the model
M.,,. Below, M, denotes such a model of Peano’s axioms.

Theorem 72 (Go6del’s Fixed Point Theorem) For any first or-
der formula ¢(xg) in the vocabulary of arithmetic there is a first
order sentence 1 of the same vocabulary such that for all models

M., of Peano’s axioms, M, = ¢ if and only if M, = ¢("¢7).

Proof. Let Sub be the set of triples ("w™,"w'", n) where w' is ob-
tained from w by replacing zy by the term n. Since recursive relations
are representable in models of Peano’s axioms, there is a first order
formula o (xg, 1, z2) such that

(n,m, k) € Sub <= M, = o(n,m,k).

W.lo.g. xg is not bound in o(xg, 1, x2) and xy and x; are not bound
in ¢(xg). Let O(xy) be the formula Jz1(p(x1) A o(xo, 1, 20)). Let k =
"0(z0)" and ¥ = O(k). Then M,, |= ¢ if and only if M,, = ¢("¢7).
[]

The above result does not hold just for first order logic but for any
extension of first order logic the syntax of which is sufficiently effectively
given, for example dependence logic.
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Theorem 73 (Tarski’s Undefinability of Truth Result) First
order logic does not have a truth-definition in first order logic for
any model M., of Peano’s axioms.

Proof. Let 7(xy) be as in Definition 71. By Theorem 72 there is a
sentence v such that

M, = ¢ if and only if M, E —7("¢7). (4.5)

If M, E 9, then M, = 7("¢7) by (44), and M, E —7("¢7) by
(4.5). Hence M, £ 9. Now M, K 7("¢7) by (4.4), and M, £
—~7(T¢7) by (4.5). So neither 7(T¢7) nor = (T¢)7) is true in M,
This contradicts the Law of Excluded Middle, which says in this case
M, | (1T ) v =r(Ty). O

Theorem 73 has many stronger formulations. As the almost trivial
proof above shows, no language for which the Godel Fixed Point Theo-
rem can be proved and which satisfies the Law of Excluded Middle for
its negation can have a truth-definition in the language itself. We shall
not elaborate more on this point here, as our topic, dependence logic,
certainly does not satisfy the Law of Excluded Middle for its negation.

Exercise 91 Prove M,, = ¢ if and only if M, = ¢("7) in the
proof of Theorem 72.

4.4.2 Definability of Truth in First Order Logic

We turn to another important contribution of Tarski, namely that truth
is implicitly (or even better — inductively) definable in first order logic.
In dependence logic the implicit definition can even be turned into an
explicit definition by means of Theorem 68, as emphasized by Hintikka
[10]. So after all, truth is definable, albeit only implicitly. The realiza-
tion of this may be an even more important contribution of Tarski to
logic than the undefinability of truth.

We shall carry out in some detail the definition of truth for first order
logic. We shall omit many details, as these are well covered by the
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literature. For simplicity, we assume the vocabulary L, 1 of arithmetic
includes all the machinery needed for arithmetization. All that we really
need is a pairing function, but the pursuit of such minimalism is not
relevant for the main argument and belongs to other contexts. Another
simplification is that we only consider truth in models M, of Peano’s
axioms.

We consider a finite vocabulary L = {cy, ..., ¢, Ry, ooy Ry f1, -, fi}
containing Ly, »y. When we specify below what Ly, ., should con-
tain we assume they are all among ¢y, ..., ¢, R1, ..., Ry, f1, ..., fr. Let
r, = #(Rz)

=, ¢, R, fi, (,),—, V, 3, the Gédel-number "w™ of w is the natural num-
(wo)+1 ,

If w = wy...w; is a string of symbols in the alphabet
ber "w ™ = py” - pp W where py, py, ... are the prime num-
bers in increasing order and

#(=) =0 #(() =1 2
#(V) =4 #(A) =5 #(3) =6
#(Cl) =4 -+ 4q #<$Z> =5 + 49 #(Rz) =

The vocabulary L .y has a symbol 0 for zero, a symbol 1 for one,

and the names n of the other natural numbers n are defined inductively
as terms +nl. We assume Ly, .y has the following symbols used to

represent syntactic operations:

Symbol

Interpretation in M,

POS-IDzoz1z2
NEG-IDxzoz122
POS-ATOM;zoz1...2r,
NEG-ATOM;zox1...2r,
CONJzoz172
DISJzoz1z2
EXIzoxi22

UNILI,’()J,’1 X2

xois Tt =1,

where 1 ="t and 22 = "t/
xois Tt =t'7,

where 1 ="t and x5 = "t/
Xo is rRitl...tri—',

where 1 = Tt1 7.y T, = Tt
o is r“RitL..trij,
where x1 ="t17,..., Tr, ="ty

zois (P AYP)7,

where x1 ="¢" and x2 = "¢
zo is "(@VY)7,

where r1 ="¢" and z2 = "7
xo is "dzneT,

where x1 =n and x2 = "¢
o is "Vr,o T,

where x1 =n and x2 = "¢

We assume that among the symbols of L, 1 are functions that pro-
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vide a bijection between elements of the model and finite sequences of
elements of the model?. Thus it makes sense to interpret arbitrary ele-
ments of M., as assignments. We assume Ly, . has also the following
symbols: (We think of z( as an assignment below):

TRUE-IDzoz122 xo satisfies the identity t = ¢,
where 1 = "t and 2o = "t/
FALSE-IDzox122 xo satisfies the non-identity —t = ¢/,

where 1 ="t and zo ="t/
TRUE-ATOM;zox1...xr, o satisfies Riti...t,,,

where 1 ="t17,...,xr, = "1y,
FALSE-ATOM;xoz1...xr; o satisfies ~Rit1...tr,,

where z1 ="t ="t
AGRzoz122 xo and zo are assignments that

agree about variables other than x;

All the above symbols are easily definable in terms of + and - in first
order logic any model M, of Peano’s axioms, if wanted. Now we take
a new predicate symbol SAT, not to be included in Ly, .y, (and not to
be definable in terms of + and - in first order logic) with the intuitive
meaning:

B

SATzox1 xo is an assignment s and x1 is "¢ for some
L-formula ¢ such that M., =5 ¢.

The point is that SAT is (implicitly) definable in terms of the others
by the first order sentence 6, as follows:

VaoVz1(SATzoz: <
3%23%3(POS—ID$11’21’3 AN TRUE—IDJJQZ’QZ’g)\/
Jzo3zs(NEG-IDz12223 A FALSE-IDzo2223)V
3$2...E|CCT1+1 (POS-ATOMlxlxz...xT1+1 A TRUE—ATOMlxomQ...$T1+1)\/

E|$2...E|:L'rm+1(POS—ATOMmmle....CETm+1 N TRUE—ATOMm.ZIjo:IjQ...:L'Tm+1)\/
3$2...E|CCT1+1 (NEG-ATOMlxliEQ...l'TlJrl A\ FALSE-ATOMLCL‘QCEQ....CET1+1)\/

Elxg...EImeH(NEG-ATOMmmlmg...mrmH A FALSE—ATOMmLE()ZBQ...:Iij+1)\/
Jxodxs (CONJ:Ul.CL‘QCEg A (SAT(EO(L'Q AN SATxoCCg))\/

Jxodxs (DISJ$1I2$3 AN (SATJJ()JJQ V SAT[Eol‘g))\/

Jxodxs (EXILL‘liL‘Ql'3 A E|.%'4(AGR£L’(){E2{E4 A SAT:C4:L’3))\/

Jxodxs (UNI$1$2173 AN V$4(AGR$0$2$4 — SATCE4$3)))

The implicit (or inductive) nature of this definition (known as Tarski’s

Truth Definition) manifests itself in the fact that SAT appears on both
sides of the equivalence sign in 67, and only positively in each case.
There is no guarantee that 6 really fixes what SAT is (see e.g. [17]).
However, for the part of the actual formulas, or their representatives in
M., the set SAT is unique.

2In the special case that NMe (i.e. N) is the whole universe of M., the encoding of finite sequences of elements of the model by
elements of the model can be achieved by means of the unique factorization of integers, or alternatively by means of the Chinese
Remainder Theorem.
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Theorem 74 If the L-structure M, is a model of Peano’s axioms,
then:

1. (M, Saty) = 01, where Saty is the set of pairs <S,EMW> such
that M, =5 ¢.

2. If (M, S) E 0L and (M, S") = 01, then SN Saty = 5" N Saty.

Proof. Claim (i) is tedious but trivial, assuming that our concepts are
correctly defined. The claim we prove is the second one. To this end

suppose (M, S) = 0 and (M, S") = 0. We prove
(s,"¢™) € S if and only if M,, =, ¢ (4.6)

for all ¢. Since the same holds for S’ by symmetry, we get the desired
result.

Case 1: ¢ is of the form ¢t =/, =t = ¢, R;ty...t, or ~R;t;...t,. Claim
(4.6) follows from our interpretation of POS-ID, NEG-ID, POS-ATOM.
NEG-ATOM, TRUE-ID, FALSE-ID, TRUE-ATOM,;, and FALSE-ATOM,;
in M.

Case 2: ¢ is of the form (¢g A ¢1). Claim (4.6) follows from the con-
junction part of the definition of 87 and our interpretation of CONJ in
M.

Case 3: ¢ is of the form (¢g V ¢1). Claim (4.6) follows from the dis-
junction part of the definition of #; and our interpretation of DISJ in
M.

Case 4: ¢ is of the form Jzx,1p. Claim (4.6) follows from the part of
the existential quantifier of the definition of 6; and our interpretation

of AGR and EXI in M,,.

Case 5: ¢ is of the form Vx,. Claim (4.6) follows from the part of
the universal quantifier of the definition of 6 and our interpretation of

AGR and UNI in M. O

By means of the satisfaction relation SAT we can define truth by
means of the formula: TRUE(xq) = Jz1SATx 2.
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Corollary 75 The following are equivalent for all first order sen-
tences ¢ in the vocabulary L and any model M, of Peano’s axiom:

1. M, E ¢.
2. (M., S) | (0 AN TRUE("¢7)) for some S C N°.
3. (M., S) = (0L — TRUE("¢")) for all S C N2,

Let us call a model M, of Peano’s axioms standard if the interpreta-
tion of the predicate N of the vocabulary of arithmetic in M, is the set
of natural numbers, the interpretation of + is the addition of natural
numbers, and the interpretation of x is the multiplication of natural
numbers.

Corollary 76 Suppose M, is any standard model of Peano’s az-
ioms. If (M, S) E0p and (M,,,S") =0, then S = 5.

First order definable relations on standard M, are called arithmeti-
cal. The definition of truth given by Corollary 75 is not first order, so
we cannot say truth is arithmetical. A definition that has both existen-
tial second order and universal second order definition, as truth in the
above corollary, is called hyperarithmetical. So we can say first order
truth on M, is not arithmetical but hyperarithmetical. For more on
hyperarithmetical definitions see [22].

Exercise 92 Show that we cannot remove “standard” from Corol-
lary 76.

4.4.3 Definability of Truth in D

We now move from first order logic back to dependence logic. We ob-
served in Corollary 75 that the truth definition of first order logic on
a model M, of Peano’s axioms can be given in first order logic if one
existential second order quantifier is allowed. In dependence logic we
can express the existential second order quantifier and thus the truth
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definition of first order logic on M, can be given in dependence logic.
This can be extended to a truth definition of all of dependence logic and
that is our goal in this section.

The fact that X} has a truth definition in X1 on a structure with
enough coding is well-known in descriptive set theory. It was observed
in [10] that, as an application of Theorem 68, we have a truth definition
for D in D on any structure with enough coding.

We shall consider below a vocabulary L 2 Ly, .y U {c}, where c is
a new constant symbol. If ¢ is a sentence of D in this vocabulary, we
indicate the inclusion of a new constant by writing ¢ as ¢(c). Then if
d is another constant symbol, then ¢(d) is the sentence obtained from
®(c) by replacing ¢ everywhere by d.

Theorem 77 ([10]) Suppose L O Ly, .y U {c} is finite. There is
a sentence 7(c) of D in the vocabulary L such that for all sentences
¢ of D in the vocabulary L and all models M, of Peano’s axioms:
M, E ¢ if and only if M, = 1("¢7).

Proof. By Theorem 56 every sentence of D is logically equivalent to
a Li-sentence of the form

IR, ...3R.4", (4.7)

where ¢* is first order. We now replace the second order quantifiers
dR; ... dR, by just one second order quantifier ARy, where Ry is a unary
predicate symbol not in L. At the same time we replace every occurrence
of Riti...t, in ¢* by Ry(i,t1, ..., t,), where (ay, ..., a,) — (a1, ..., a,) is
the function in Ly, .1 coding n-sequences. Let the result be ¢™*. Now
the following are equivalent for any ¢ in D in vocabulary L and any
L-structure M,,, which is a model of Peano’s axioms:

(i) M. = ¢.
(ii) (M., Z) k= ¢** for some Z C N.

Let L' = LU{Ry}. By Corollary 75, we obtain the equivalence of (ii)
with
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(iii) (M, Z, Sat) | (0 A TRUE("¢*7)) for some Sat C N? and
some Z C N.

By Corollary 69 there is a sentence 1y(c¢) of vocabulary L such that (iii)
is equivalent to

(iv) Mo, = mo(Co™ ).

Let t(x0) be a term of the vocabulary Ly, .y such that for all sentences
¢ of D of vocabulary L the value of ¢("¢") in any L .j-model of
Peano’s axioms is "¢** . Let 7(c) be the L-sentence 7y(t(c)). Then

(i)-(iv) are equivalent to

(v) My = 7("¢ ).
(]

Now that we have constructed the truth definition by recourse to ¥1i-
sentences, it should be pointed out that we could write 7(c) also directly
in D, imitating the inductive definition of truth given in Definition 5.
This is the approach of [14].

Let us now go back to the Liar Paradox. By Theorem 72 there is a
sentence A of D in the vocabulary L, .1 such that for all M,, M., =
A if and only if M, E —7("AY). Intuitively, A says “This sentence
is not true.” By Theorem 77, M, = A if and only if M, = 7("A\7).
Thus M,, = 7("A7) if and only if M,, = —7("A™), which is, of course,
only possible if M, & 7("AT) and M, F& =7 (TA7). Still another way
of putting this is: My, & 7("A7) V =7(CAT). Thus we get the pleasing
result that the assertion that the Liar sentence is true (in the sense of
7(c)) is non-determined. This is in harmony with the intuition that the
Liar sentence does not have a truth value.

Exercise 93 Suppose M., = v if and only if M, = 7("¢1") and

M, E ¢y if and only if M, = —7(" ). Show that (") and

("Y1 ") are non-determined.
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Exercise 94 Contemplation of the sentence "This sentence is not
true” leads immediately to the paradox (x): the sentence is true if
and only if it 1s not true. We have seen that we can write a sentence
A with the meaning ”This sentence is not true” in D. Still we do not
get the result that (A < =) is true. Indeed, show that (¢ < —¢)
has no models, whatever ¢ in D 1s. Ezxplain why the existence of A
does not lead to the paradox (*).

)

Exercise 95 Suppose ¥ says “If ¢ s true, then —) is true,” 1i.e.
M | ¥ if and only if My, | (7("¢7) — 7("7)). Show that 1
15 non-determined.

)

Exercise 96 Suppose v says “It is not true that v is true.” 1i.e.

M, ¥ if and only if M, = =7 ("7("7)7). Show that T("7("¢ ™))

15 non-determined.

Exercise 97 Show that there cannot be 7'(c) in D such that for all
¢ and all M, we have M, = ¢ if and only if M, = 7'("¢7).

Exercise 98 [[23]] Suppose M, is a model of Peano’s arioms, as
above. Let T be the set of sentences of D that are true in M.
Show that there 1s a model M of T such that for some a € M we
have M = (1(a) A T(—a)).

4.5 The Ehrenfeucht-Fraissé Game for Dependence Logic

We define the concept of elementary equivalence of models and give this
concept a game characterization. In this section we assume vocabularies
do not contain function symbols, for simplicity.

Definition 78 Two models M and N of the same vocabulary are
D-equivalent, in symbols M =p N if they satisfy the same sen-
tences of dependence logic.

[t is easy to see that isomorphic structures are D-equivalent and that
D-equivalence is an equivalence relation. However, despite the quite
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strong Lowenheim-Skolem Theorem of dependence logic we have the
following negative result about D-equivalence.

Proposition 79 There is an uncountable model M in a finite vo-
cabulary such that M s not D-equivalent to any countable models.

Proof. Let M = (R,N) be a model for the vocabulary { P}. Suppose
M=p N, where N is countable. It ic clear that there is a one-to-one
function from N into PV. Let ¢ be a sentence of D which says exactly

this. Since N £ ¢, we have M E ¢, a contradiction. [J

It turns out that the following more basic concept is a far better
concept to start with:

Definition 80 Suppose M and N are structures for the same vo-
cabulary. We say that M is D-semiequivalent to N, in symbols
M=pN if N satisfies every sentence of dependence logic that is
true in M.

Note that equivalence and semiequivalence are equivalent concepts if
dependence logic is replaced by first order logic.

Proposition 81 Fvery infinite model in a countable vocabulary is
D-semiequivalent to models of all infinite cardinalities.

Proof. Suppose M is an infinite model with a countable vocabulary
L. Let T be the set of sentences of dependence logic in the vocabulary
L that are true in M. By Theorem 59 the theory 7" has models of all
infinite cardinalities (Theorem 59 is formulated for sentences only but
the proof for countable theories is the same). [J

We now introduce an Ehrenfeucht-Fraissé game adequate for depen-

dence logic and use this game to characterize =p.

Definition 82 Let M and N be two structures of the same vocab-
ulary. The game EF,, has two players and n moves. The position
after move m is a pair (X,Y), where X C M™ andY C N™ for
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some m. In the beginning the position is ({0},{0}) and iy = 0.
Suppose the position after move number m is (X,Y'). There are the
following possibilities for the continuation of the game:

Splitting move: Player I represents X as a union X = Xy U Xj.
Then player Il represents Y as a union Y = YyUY7. Now player
I chooses whether the game continues from the position (X, Y)
or from the position (X1,Y7).

Duplication move: Player I decides that the game should con-
tinue from the new position

(X(M/wi,),Y (N/xi,)).

Supplementing move: Player I chooses a function F: X — M.
Then player II chooses a function G :' Y — N. Then the game
continues from the position (X (F/x; ), Y (G/x; ).

After n moves the position (X,,Y,) is reached and the game ends.
Player II is the winner if

MEx, o =Ny, ¢

holds for all atomic and negated atomic and dependence formulas
of the form ¢(xq, ...,x; —1). Otherwise player I wins.

This is a game of perfect information and the concept of winning
strategy is defined as usual. By the Gale-Stewart theorem the game is
determined.

Definition 83 1. qr(¢) = 0 if ¢ is atomic or a dependence for-
mula.

2. qr(¢ V ) = max(qr(¢), qr(¢)) + 1.
3. qr(3zng) = ar(¢) + 1.
4. qr(=¢) :



Cambridge University Press 2007

(a) qr(—=¢) = 0 if ¢ is atomic or a dependence formula.
(b) ar(=—¢ ) qr(e).
(¢) ar(=(¢ V ¥)) = max(qr(=¢), qr(—e)).

(d) qr(—3z,¢) = qr(=¢) + 1.
Let Fml’" be the set of formulas ¢ of D with qr¢ < m and with
free variables among xy, ..., v,—1. We write M =D N if M E ¢
implies N' = ¢ for all ¢ in Fmlj, and M =D N if M = ¢ is
equivalent to N | ¢ for all ¢ in Fmlj.

Note that there are for each n and m, up to logical equivalence, only
finitely many formulas in Fml".

Theorem 84 Suppose M and N are models of the same vocabu-
lary. Then the following are equivalent:

(1) Player II has a winning strategy in the game EF, (M, N).
(2) M =5 N.

Proof. We prove the equivalence, for all n, of the following two
statements:

(3);n Player IT has a winning strategy in the game EF,,(M, N) in po-
sition (X,Y), where X C M" and Y C N".

(4), If ¢ is a formula in Fml", then
MEx ¢ =N [y ¢ (4.8)

The proof is by induction on m. For each m we prove the claim
simultaneously for all n. The case m = 0 is true by construction. Let
us then assume (3),, <= (4),, as an induction hypothesis. Assume
now (3),,41 and let ¢ be a formula in Fml”™ such that M Ex ¢. As
part of the induction hypothesis we assume that the claim (4.8) holds
for formulas shorter than ¢.
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Case 1: ¢ = 1 V1, where ¢, 11 € Fml'. Since M =y ¢, there are
X and X such that X = Xy U Xy, M [=x, ¢ and M [=x, 1. We
let T play {Xo, X1}. Then II plays according to her winning strategy
{Yo,Y1}. Since the next position in the game can be either one of
(X0, Yo), (X1,Y7), we can apply the induction hypothesis to both. This
yields N ):Yo wo and N ):yl ¢1- Thus N ):y gb

Case 2: ¢ = Jx,0p, where ¢ € Fml™” ;. Since M [x ¢, there is a
function F' : X — M such that M E=x(p/,,) . We let [ play . Then
IT plays according to her winning strategy a function G : ¥ — N and
the game continues in position (X (F/z,),Y (G /z,)). The induction
hypothesis gives N [y (q/a,) . Now N =y ¢ follows.

Case 3: ¢ = ==, n = max(ng,ny). Since M [E=x ¢, we have
M Ex ¢. By the induction hypothesis, N =y 9. Thus N |y ¢.

Case 4: ¢ = —(¢g V 1), where ¢y, 9y € Fml”". Since M Ex ¢,
we have M Ey =)y and M Ex —1. By the induction hypothesis,
N ):y _I¢0 and N ):y —|¢1. Thus N ):y gb

Case 5: ¢ = =3x,1), where =) € Fml})', ;. By assumption, M |=x(ar/z,)
—p.  We let now I demand that the game continues in the dupli-
cated position (X(M/xz,),Y (N/z,)). The induction hypothesis gives
N Ev(n/e,) . Now N =y ¢ follows trivially.

To prove the converse implication, assume (4),,+1. To prove (3);,11
we consider the possible moves that player I can make in the position

(X,Y).

Case i: Player I writes X = XoU Xj. Let ¢;,7 < k, be a complete
list (up to logical equivalence) of formulas in Fml". Since M [x,

= \/M):XO%' —|¢j and M ):Xl — \/M):X1¢j _‘ija we have
MEx (= \ =¢)v(= \/ —¢).

MEx,9; MEx,9;
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Note that qr(—| \/M):Xlgbj _I¢j) = makaxlgbj(ﬂﬂ@) = HlaXM):qubj ¢j S
m. Therefore by (4),,41

Ner(= \/ —¢)vi= \ —¢)
MEx,; M=x,0;
Thus Y = Y, U Y] such that N =y, _'VM)=X0¢J- —¢; and N =y,
=\ Mix, 6; —¢;. By this and the induction hypothesis, player II has a
1
winning strategy in the positions (Xy, Yy), (X1, ¥1). Thus she can play
{Yy, Y1} and maintain her winning strategy.

Case ii: Player I decides that the game should continue from the new
position (X (M /x,),Y (m/x,)). We claim that

M ):X(M/xn) ¢=>N ):Y(N/xn) @

for all ¢ € Fml" ;. From this the induction hypothesis would imply
that I1 has a winning strategy in the position (X(M/z,),Y (N/z,)).
So let us assume M =x(ar/s,) ¢, where ¢ € Fml)" . By definition,

M ):X —dx, =g,

Since =3z, =¢ € Fml!"™, (4),,41 gives N |2y =3z,=¢ and N [y (v/a)
¢ follows.

Case iii: Player I chooses a function F': X — M. Let ¢;,1 < M be
a complete list (up to logical equivalence) of formulas in Fml, ;. Now

M E=x Jz,— \/M?:X(F/xn)% —¢;. Note that
aBGe,= \/ ¢) = al= - +1
MEX(F/2n) 0 MEX(F/2n) 0
= ( max qr(=—¢;)) +1
MEX(F/n) 0 (2700)

= max  qr(¢;)) +1<m+1,
(o ardy)
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;. Thus there is a

and hence by (4),,41, N |y 32,7 \/MFX(F/xn)@

function G : Y — N such that
N Evc/a,) ™ \/ —¢;.

MEX(F/ap) @i

The game continues from position (X (F/xz,),Y (G/x,). Given that
now M ):X(F/In) O = N ):Y(G/xn) ¢ for all ¢ € lezl_ﬂ, the in-
duction hypothesis implies that II has a winning strategy in position

(X(F/an), Y (G/xy)). U

Corollary 85 Suppose M and N are models of the same vocabu-
lary. Then the following are equivalent:

() M=pN.

(2) For all natural numbers n, player II has a winning strategy in
the game EF,(M,N).

Corollary 86 Suppose M and N are models of the same vocabu-
lary. Then the following are equivalent:

(2) For all natural numbers n, player II has a winning strategy both

in the game EF,(M,N) and in the game EF,(N, M).
The two games EF,(M,N) and EF, (N, M) can be put together

into one game by simply making the moves of the former symmetric
with respect to M and N. Then player II has a winning strategy in
this new game if and only if M E”D N . Instead of a game we could
have used a notion of a back-and-forth sequence.

The Ehrenfeucht-Fraissé game can be used to prove non-expressibility
results for D, but we do not yet have examples where a more direct
proof using compactness, interpolation and Lowenheim-Skolem theo-
rems would not be simpler.
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Proposition 87 There are countable models M and N such that
M ED./\/‘, but/\/%D M.

Proof. Let M be the standard model of arithmetic. Let ®,,,n € w
be the list of all Xi-sentences true in M. Suppose @, = JRY...3R}; on.
Let M* be an expansion of M in which each ¢, is true. Let N'* be
a countable non-standard elementary extension of M*. Let A be the
reduct of N* to the language of arithmetic. By construction, M =p
N. On the other hand, N' Zp M as non-wellfoundedness of the

integers in NV can be expressed by a sentence of D. [J

Proposition 88 Suppose K is a model class® and n is a natural
number. Then the following are equivalent:

(1) K is definable in dependence logic by a sentence in Fmlj.

(2) K is closed under the relation =7,

Proof. Suppose K is the class of models of ¢ € Fmly. If M | ¢
and M E"D N, then by definition, N' | ¢. Conversely, suppose K
is closed under /5. Let oy = =\ {=¢ : ¢ € Fmlj. M |= ¢},
where the conjunction is taken over a finite set which covers all such
¢ up to logical equivalence. Let 6 be the disjunction of all ¢, where
M € K. Again we take the disjunction over a finite set up to logical
equivalence. We show that K is the class of models of . If M € K
then M = ¢, whence M = 6. On the other hand suppose M |= ¢n
for some N € K. Now N =5 M, for it N |= ¢ and ¢ € Flg, then ¢
is logically equivalent with one of the conjuncts of ¢, whence M = ¢.
As K is closed under E”D, we have M € K. U

Corollary 89 Suppose K is a model class. Then the following are
equivalent:

(1) K is definable in dependence logic.

3A model class is a class of models, closed under isomorphism, of the same vocabulary.
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(2) There is a natural number n such that K is closed under the
relation =1,.

The above corollary also gives a characterization of 3i-definability in
second order logic. No assumptions about cardinalities are involved,

so if we restrict ourselves to finite models we get a characterization of
NP-definability.

Exercise 99 Suppose L = () and M and N are L-structures such
that M = {0,1,2} and N = {a,b,c,d}, where a, b, ¢ and d are
distinct. The game EF3(M,N) is in the position:

o | L1 | T2

To| L1 | X2 a c b
0212

N I ¢ z; 2 CCL

21111 7 dla

Who won the game?

Exercise 100 Suppose L = 0 and M and N are L-structures such
that M = {0,1,2,3} and N = {a,b,c,d}, where a, b, ¢ and d are
distinct. The game EF3(M,N) is in the position:

Lo | L1 Lo | T1
0|2 al|b
X113 Y:|b|c
2|3 c | d
3|2 d| a

Can you spot a good splitting move for player 17

Exercise 101 Suppose L = {P} and M and N are L-structures
such that M = {0,1,2}, PM = {0}, N = {a,b,c}, and PN = 0,
where a, b, and ¢ are distinct. The game EF3(M,N) is in the
position:
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Xy | I o | T
0|2 a | b
X LY ,
21 c|a

Can you spot a good supplementing move for player 17

Exercise 102 Let L = (). Show that there is no sentence ¢ of
vocabulary L in leg such that M |= ¢ if and only if M is infinite.

Exercise 103 Let L = (). Show that there is no sentence ¢ of
vocabulary L in leg such that for finite models M we have: M =
¢ if and only if | M| is even.

Exercise 104 Show that there 1s a countable model which is not
D-equivalent to any uncountable models.

Exercise 105 Show that (R,N) =p (Q,N).
Exercise 106 Show that (w4 w* +w, <) Zp (W, <).

Exercise 107 Show that if M =p N and N is a connected graph,
then so is M.

Exercise 108 Give three models M, M" and M" such that M = p
M and M =p M", but M' Zp M" and M" Zp M'.

Exercise 109 Give models M,, such that for all n € N we have
M1 =p M, but M, Zop M.
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Chapter 5

Complexity

5.1 Decision and Other Problems

The basic problem this chapter considers is how difficult is it to decide
some basic questions concerning the relation M | ¢, when M is a
structure and ¢ is a D-sentence? Particular questions we study are:

Decision Problem: Is ¢ valid, i.e. does M = ¢ hold for all M.

Nonvalidity Problem: Is ¢ nonvalid, i.e. does ¢ avoid some model,
i.e. does M k= ¢ fail for some model M.

Consistency Problem: Is ¢ consistent, i.e. does ¢ have a model,
i.e. does M = ¢ hold for some M.

Inconsistency Problem: Is ¢ inconsistent, i.e. does ¢ avoid all

models, i.e. is M | ¢ true for no model M at all.

Obviously such questions depend on the vocabulary. In a unary vo-
cabulary it may be easier to decide some of the above questions. On the
other hand, if at least one binary predicate is allowed, then the questions
are as hard as for any other vocabulary, as there are coding techniques
that allow us to code bigger vocabularies into one binary predicate. We
can ask the same questions about models of particular theories, like
groups, linear orders, fields, graphs, and so on. Furthermore, we can ask
these questions in the framework of finite models.

By definition, ¢ is nonvalid if and only if ¢ is not valid, and ¢ is inconsistent
So it suffices to concentrate on the Decision Problem and the Consis-
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tency Problem. In first order logic we have the further equivalence
¢ is consistent if and only if —¢ is not valid. So if we crack the decision
problem for first order logic everything else follows. Indeed, the Godel
Completeness Theorem tells us that a first order sentence is valid if and
only it is provable. Hence the Decision Problem of first order logic is 3¢
(i.e. recursively enumerable)
The Consistency Problem for dependence logic can be reduced to that
of first order logic by the equivalence ¢ is consistent if and only if 71 4 is consister

5.2 Some Set Theory

The complexity of the Decision Problem and of the Nonvalidity Problem
of dependence logic is so great that we have to move from complexity
measures on the integers to complexity measures in set theory. With
this in mind we recall some elementary concepts from set theory:

A set a is transitive if ¢ € band b € a imply ¢ € a for all @ and b. The
transitive closure TC(a) of a set a is the intersection of all transitive
supersets of a, or in other words aU(Ua)U(UUa).... Intuitively, TC'(a)
consists of elements of a, elements of elements of a, elements of elements
of elements of a, etc. Define H, = {a : |[TC(a)| < k}.

A priori it is not evident that H, is a set. However, this can be easily
proved with another useful concept from set theory, namely the concept
of rank. The rank rk(a) of a set a is defined recursively as follows:
rk(a) = sup{rk(b) + 1 : b € a}. Recall the definition of the cumulative
hierarchy in (2.1). Now V,, = {x : rk(z) < a} and we can prove that
H,. 1s indeed a set:

Lemma 90 For all infinite cardinals k we have H, C V...

Proof. Suppose x € Hy, ie. |[TC(x)| < k. We claim that rk(z) < &,
ie. |rk(z)| < k. It suffices to show that |rk(z)| < |T'C(x)|. This
follows by the Axiom of Choice, if we show that there is, for all x,
an onto function from T'C'(x) onto rk(z). This function is in fact the
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function z — rk(z). Suppose the claim that rk [T'C(y) maps T'C(y)
onto rk(y) holds for all y € x. We show that it holds for z. To this
end, suppose o < rk(z). By definition, a < rk(y) for some y € x. If
a < 1k(y), then by the induction hypothesis, there is z € T'C(y) such
that tk(z) = a. Now z € TC(x), so we are done. The other case is
that o = rk(y). Since y € TC(z) we are done again. [

The converse of Lemma 90 is certainly not true in general. For exam-
ple, the set Vi, has sets such as P(w) which cannot be in Hy,. However,
let us define the Beth numbers as follows: Jy = w, Joiq = 27, and
3, = limgy<, 3, for limit v. For any & there is A\ > & such that A = J,,
as can be seen as follows: let kg = K, Kpy1 = 3, and A = limy,, Ky,
Then A\ = 3,. It is easy to see by induction on « that |V, .| = J,.

Lemma 91 If x =1, then H,=V,..

Proof. The claim H, C V. follows from Lemma 90. On the other
hand, if x € Vj, say © € V,,, where a = w + a < k, then |[TC(x)| <
Vo|=3.<3di=k,s0x € H,. O

We now recall an important hierarchy in set theory:

Definition 92 ([20]) The Levy Hierarchy of formulas of set the-
ory is obtained as follows: The Xy-formulas, which are at the same
time called Tly-formulas, are all formulas in the vocabulary {€}
obtained from atomic formulas by the operations —,V,\ and the
bounded quantifiers:3xo(xg € x1 A ¢) and Vro(xg € ©1 — ¢). The
Ynt1-formulas are obtained from I1,-formulas by existential quan-
tification. The I1,.1-formulas are obtained from X, -formulas by
existential quantification.

A basic property of the Xi-formulas is captured by the following
lemma;

Lemma 93 For any uncountable cardinal x, aq,...,a, € H,, and

Ya-formula ¢(xq, ..., x,): (He, €) = é(aq, ..., an), if and only if ¢(aq, ..., ay).
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Proof. The “only if” part is very easy (see Exercise 110). For the more
difficult direction suppose ¢(x1, ..., T, ) is of the form Jzg)(xg, x1, ..., T5),
where (g, 1, ..., T,) is 29, and there is an ag such that ¢(ag, a, ..., a,).
Let « be large enough that ay, ...a, € V,,. Then (V,, €) = ¥(ay, ..., ay)
by Exercise 110. Thus (Vg, €) = ¢(aq, ..., a,). Let M be an elementary
submodel of the model (V,,¢€) such that TC({a4,...,a,}) € M and
|M| < k. By Mostowski’s Collapsing Lemma (see Exercise 111) there is
a transitive model (IV, €) and an isomorphism 7 : (IV, €) = M such that
ai, ...,a, € N and 7(a;) = a; for each 7. Thus (N, €) = ¢(ay, ..., an).
Since x € N implies TC'(z) C N, and |N| < k, we have N C H,;, and
hence again by absoluteness, (Hy, €) | ¢(aq, ..., a,). O

An intuitive picture of a ¥ statement Jzgp(a, xy), where ¢ is Xy,
is that we search through the universe for an element b such that the
relatively simple statement ¢(a, b) becomes true. By Lemma 93 we need
only look near where aq, ..., a, are. This means that satisfying a >;-
sentence is from a set-theoretic point of view not very complex, although
it may still be at least as difficult as checking whether a recursive binary
relation on N is well-founded (which is a IT}-complete problem).

In contrast, to check whether a Yy sentence JxoVri¢(a,xg, x1) is
true one has to search through the whole universe for a b such that
Vai¢(a,b, z1) is true. Now we cannot limit ourselves to search close to
a as we may have to look close to b, too. So in the end we have to go
through the whole universe in search of . This means that checking
the truth of a Yo-sentence is of extremely high complexity. Any of the
following statements can be expressed as the truth of a >o-sentence:

1. The Continuum Hypothesis, i.e. 2% = ¥,
2. The failure of the Continuum Hypothesis, i.e. 280 #£ X,
3. V#L

4. There is an mmaccessible cardinal
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5. There is a measurable cardinal

We now have the notions at hand for filling in the complexity table
for dependence logic, even if we have not proved anything yet:

Dependence logic
Problem Complexity
Decision problem Il
Nonvalidity problem 2o
Consistency problem I
Inconsistency problem 530

The proof is given in the next section.

Exercise 110 [Absoluteness of ¥/ For any transitive M , a4, ..., a, €
M, and Xy-formula ¢(xq,....,x,): (M, €) = é(aq, ...,an), if and only
Zf ¢(a1, cens an).

Exercise 111 [Mostowski’s Collapsing Lemma/ Suppose (M, E) is
a well-founded model of the Axziom of Extensionality: VYrogVa(Vre(ze €
Ty <> Ty € T1) — X9 = 7). Show that the equation w(x) = {n(y) :
yEz} defines an isomorphism between (M, E) and (N, €), where N
is a transitive set. Show also that w(x) = x for every x € M which
is E-transitive (i.e. zEy and yEx imply zEx).

5.3 Ys-completeness in set theory

Let us now go a little deeper into details. We identify problems with
sets X C N. The problem X in such a case is really the problem
of deciding whether a given n is in X or not. A problem P C N is
called ¥,,-definable if there is a >J,,-formula ¢(x) of set theory such that
n € P <= ¢(n). A problem P C N is called X,-complete if the
problem itself is YJ,-definable and, moreover, for every »,-definable set
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X C N there is a recursive function f : N — N such that n € X <=
f(n) € P. The concepts of a I1,,-definable set and a IT,,-complete set are
defined analogously.

Theorem 94 The Decision Problem of dependence logic is 115-complete
in set theory.

Proof. Without loss of generality, we consider the decision problem
in the context of a vocabulary consisting of just one binary predicate.
Let us first observe that the predicate x = P(y) is II;-definable:

r="Ply) < Vz(z €x < Vuez(uecy)).

Let On(x) be the Yg-predicate “x is an ordinal,” i.e. x is a transitive
set of transitive sets. We can I1;-define the property R(z) of x of being
equal to some V,,, where «v is a limit ordinal. Let Str(z) be the first-order
formula in the language of set theory which says that z is a structure
of the vocabulary containing just one binary predicate symbol. If ¢ is
a sentence of D, let Saty(x) be the first-order formula in the language
of set theory which says “Str(x) and ¢ is true in the structure x.” Let
Relsaty(x,y) be the first-order formula in the language of set theory
which says “z € y and if Str(z), then Saty(x) is true when relativized
to the set y.” Thus = ¢ if and only if Vo (Str(z) — Saty(x)). Note that
for limit v and a € V,:

Sat¢(a) <~ (Va ): Sat¢(a)).
Thus a sentence ¢ of D is valid if and only if
Vo(R(x) — Vy € xRelsaty(y, x)).

We have proved that the decision problem of D is I1s-definable. Suppose
then A is an arbitrary Ils-definable set of integers. Let Vax3yy(n, x,y)
be the Ils-definition. Let ¢, be the first-order sentence Vx3y(n, x,y),
where n is a defined term. We claim

neA <<= kEOVao,,
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where 6 is a sentence of D which is true in every model except the
models (Vi, €), K = .. Suppose first n € A, ie. VeIyyp(n,z,y).
Suppose (Vj, €) is a given model in which 6 is not true. We prove
V. E Vx3yy(n,z,y). Suppose a € V,. By the above Lemmas, there
is b € V, such that ¥(n,a,b). We have proved = 6 V ¢,,. Conversely,
suppose = 0V ¢,,. To prove Vx3y(n, x,y), let a be given. Let k be an
infinite cardinal such that x = 3,. and @ € H,.. Then there is b € H,
with H,, = 1 (n,a,b). Now ¥(n, a,b) follows. [

Corollary 95 The decision problem of dependence logic is not Xo-
definable in set theory.

The fact that the decision problem of dependence logic is not X"
for any m,n < w follows easily from this. Moreover, it follows that
we cannot in general express “¢ is valid,” for ¢ € D, even by search-
ing through the whole set-theoretical universe for a set x such that a
universal quantification over the subsets of x would guarantee the va-
lidity of ¢. In contrast, to check validity of a first-order sentence, one
needs only search through all natural numbers and then perform a finite
polynomial calculation on that number.

Exercise 112 Give a Yo-definition of the property of x being equal
to some V., where k = J,..

Exercise 113 Show that for limit o and a € V,: Saty(a) <=
(Va = Saty(a)).

Exercise 114 Give a sentence of D which s true in every model
except (mod =) the models (Vy, €), k = 3.

Exercise 115 Use Theorem 94 to prove that the decision problem
of D 1s not arithmetical, i.e. not first order definable definable in
(N, +,-,<,0,1). (In fact the same proof shows that it is not X"'-
definable for any m,n < w).
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Exercise 116 Show that the problem: Does M = ¢ hold for all
countable M? is not arithmetical, and the problem: Does M = ¢
hold for some countable M ? is a I1\ property of ¢ € D.

Exercise 117 Show that there is a sentence ¢ of D such that ¢
avoids some model if and only if there is an inaccessible cardinal.
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Chapter 6

Team Logic

The negation — of dependence logic does not satisfy the Law of Excluded
Middle and is therefore not the classical Boolean negation. This is clearly
manifested by the existence of non-determined sentences ¢ in D. In such
cases the failure of M = ¢ does not imply M | —¢. Hintikka [10]
introduced extended independence friendly logic by taking the Boolean
closure of his independence friendly logic. We take the further action of
making classical negation ~ one of the logical operations on a par with
other propositional operations and quantifiers. This yields an extension
TL of the Boolean closure of D. We call the new logic team logic.

The basic concept of both team logic TL and dependence logic D
is the concept of dependence =(t1,...,t,). In very simple terms, what
happens is that, while we can say “z is a function of zy” with =(xg, 1)
in D, we will be able to say “z; is not a function of zy” with ~ =(x, x1)
in team logic.

While we define team logic we have to restrict — to atomic formulas.
The game-theoretic intuition behind —¢ is that it says something about
“the other player.” The introduction of ~ unfortunately ruins the basic
game-theoretic intuition, and there is no “other player” anymore. If ¢ is
in D, then ~ ¢ has the meaning “II does not have a winning strategy,”
but it is not clear what the meaning of = ~ ¢ would be. We also change
notation by using ¢ ® 1 (“tensor”) for what was ¢ V ¢ in D. The
reason for this is that by means of ~ and A we can actually define the
classical Boolean disjunction ¢V 1, which really says the team is of type
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¢ or of type 1. Likewise, we adopt the notation !x,¢ (“shriek”) for the
quantifier that in D was denoted by Vx,¢. For motivation of the new
symbols, see Remark 99.

6.1 Formulas of Team Logic

In this section we give the syntax and semantics of team logic and
indicate some basic principles.

Definition 96 Suppose L is a vocabulary. The formulas of team
logic TL are:

Atomic Name Compler Name
1 =1, equation oY tensor
-ty =1t,  dual equation @ N conjunction
Rti...1, relation ~ @  negation
-Rty...t,  dual relation dxr,¢  existential
=(t1,...,t,) dependence lz, &  shriek
—=(t1,...,t,) dual dependence

Definition 97 The semantics of team logic is defined as follows:
TL1 M x t| =ty iff for all s € X we have t{1(s) = t34(s).
TL2 M E=x —ty =ty iff for all s € X we have t{1(s) # t}1(s).

TL3 M Ex =(ti,...,t,) iff for all s,s' € X such that t}'(s) =
), tnli(s) = t2(8), we have ;(s) = ;(s).

TLA M =y = =(t1, ...t,) iff X = 0.

TL5 M =y Rty...t, iff for all s € X we have (t1(s), ..., tM(s)) €
RM.

TL6 M =x —Rty...t, iff for all s € X we have (t1(s), ..., t2(s)) ¢
RM.
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TLT M Ex ¢ iff X = Y U Z such that dom(Y) = dom(Z),
MEy ¢ and M =z 1.

TLE M Ex ¢ A iff M Ex ¢ and M Ex .

TL9 M Ex 32,0 iff M Exp/a,) ¢ for some F: X — M.
TL10 M Ex 2,0 iff M Exu/e,) ¢

TLIL M x ~¢ iff M by 6.

We can easily define a translation ¢ — ¢* of dependence logic into
team logic, but we have to assume the formula ¢ of dependence logic is
in negation normal form:

(t=t) — =t

(=t = t')* = =t
(Rty...t,)* = Riy..t,
(~Rty..t,)* = —Rby..t,
(=(t1, ., t)" = =(t1, ... tn)
(m=(t1, ..., 0))" = 2=(t1, ... ty)
(¢ V) = ¢ @Y
(@A) = ¢"AY”
(F2,0)" = dr,¢"
(V)" = lw,¢"

It is an immediate consequence of the definitions that for all M, all
formulas ¢ of D, and all X we have M [=x ¢ in D if and only if M |=x
¢* in TL. So we may consider D a fragment of TL, and TL an extension
of D obtained by adding classical negation.

Logical consequence ¢ = v and logical equivalence ¢ < 1 are defined
similarly as for dependence logic. The following lemma demonstrates
that even though ! x,,¢ for ¢ € D acts like what is denoted by Vz,¢ in
dependence logic, it is in the presence of ~ not at all like our familiar
universal quantifier, as it commutes with negation:

Lemma 98 ~ 2,0 < lz, ~ ¢.
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Proof. M Ex ~lz,¢ iff M Wx 1z, it M FExa,) ¢ it M Exoe,)

We adopt the following abbreviations:

GV = ~(~d A ~1) disjunction

PDY = ~(~Pp® ~1)) sum

O—Y = ~oVY implication

p—o P = ~p DY linear implication
Ve, 0 = ~3dx,~¢ universal quantifier

Thus M Ex ¢V iff M Ex ¢ or M Ex . Note: M Ex ¢@ iff whenever
Thus a team of type ¢ & 9 has in a sense ¢ or ¥ everywhere. We have

PDY & Pho
P (WD) & (DY) o

but ¢®¢ < ¢. Notealso that M E=x Va,¢ it M =x(p/,) ¢ holds for ever

Thus a team of type Vz,¢ has type ¢ what ever we put as values of x,,.

Remark 99 The introduction of the new operation ® for the oper-
ation which i dependence logic used to be denoted V, and the use
of V in team logic for the new Boolean disjunction, may seem con-
fusing. The same can be said about the use of ! for the operation
which in dependence logic used to be denoted ¥V, while now in team
logic ¥ has a different meaning. Isn’t this quite a mess? However,
everything fits into place nicely: The main idea is that ordinary
first order formulas, built up from atomic formulas by means of ~,
V, A, d and ¥V have their classical meaning also in team logic: for
teams of the form X = {s} we have M [Ex ¢ in team logic if and
only if M =g ¢ in first order logic. This fact is quite robust. We
can replace ~ by —, and V by Q.

We have
Ve, (o AY) < (Yo, AVe,))
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¢ V1 | the team is either of type ¢ or of type ¢ (or both)
oNY the team is both of type ¢ and of type ¢
oY the team divides between type ¢ and type ¥

¢ @1 | every division of the team yields type ¢ or type

~ ¢ the team is not of type ¢
T any team

1 no team

1 any non-empty team

0 only the empty team

Figure 6.1: The intuition behind the logical operations.

but in general (see Lemma 98) Vx,¢ < !x,0.

Definition 100 The dependence values are the following special sen-

- =0
— ==
— ~m=()

What about =~ =()? This is not a sentence of team logic at all!

tences of team logic:

~ o

Example 101 Here are some trivial relations between the depen-
dence values:

1.1=0=T

2.1l =1=T
3.1=~0,L=~T
4.0 ~1, T~
5.0=-T

The equation X = X U X gives (¢ A ) = (¢ Q), (¢ DY) =
(¢ V). The equation X = X U gives ¢ = (¢ ® 0), (¢ & L) = ~ ¢.

The logic TL is much stronger than D. Let us immediately note the
failure of compactness:
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Sentence | Teams of that type
T 0,{0}
L (none)
1 {0}
0 0

Figure 6.2: Dependence values in D.

Proposition 102 The logic TL does not satisfy the Compactness
Theorem.

Proof. Let ¢, be the sentence Vxg...Va,3x, 1(-xg = Tps1 A oo A
—, = Tpy1). Then any finite subset of T = {¢, : n € N} U {~ ]}
has a model but T itself does not have a model. [

Proposition 103 The logic TL does not satisfy the Lowenheim-
Skolem Theorem. There is a sentence ¢ of team logic such that
¢ has an infinite model model, but ¢ has no uncountable models.
There 1s also a sentence Y of team logic such that b has an un-
countable model, but no countable models.

Proof. Recall Lemma 35. Let ¢ be the conjunction of P~ and

~ Jrsdry ! wodry  voTrs(=(20, 3) N 14 < 5
A (((xg =29 ANy < T5) A
(x1 =23 N21 <T4))V
(mxg = 22 V —mg < 5) A
(mxy =23V "2y < 24)))).

Then ¢ has the infinite model (N, +,-,0, 1, <). But since every model
of ¢ is isomorphic to (N, +,-,0,1, <), it cannot have any uncountable
models. For 1 recall the sentence ®yp from Section 2.3. Let ¢ be the
conjunction of the axioms of dense linear order and ~ @y, Now ¢
has models, e.g. (R, <), but every model is a dense complete order and
therefore uncountable. [



Cambridge University Press 2007

It follows that there cannot be any translation of team logic into X1, as
such a translation would yield both the Compactness Theorem and the
Lowenheim-Skolem Theorem as a consequence. With a translation to
1 ruled out it is difficult to imagine what a game theoretical semantics
of team logic would look like.

Note that there cannot be a truth-definition for TL in TL: Suppose
7"(xp) isin TL and M = ¢ is equivalent to M = 7%("¢7) in all Peano
models M. By using the formula ~ 7*(2() we can reprove Tarski’s
Undefinability of Truth theorem (Theorem 73).

Despite apparent similarities, team logic and linear logic ([6]) have
very little to do with each other. In linear logic resources are split into
“consumable” parts. In team logic resources are split into “coherent”
parts.

Exercise 118 Show that every formula of TL in which ~ does not
occur 18 logically equivalent with a sentence of D.

Exercise 119 Prove Example 101.

Exercise 120 Prove the following equivalences:

ONT & ¢
OoVT & T
T1T < T
oD T & T

Exercise 121 Prove the following equivalences:

oNL & L
oV.L & ¢
PR L & L
el & 1

Exercise 122 Prove the following equivalences:
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dNO0 & ¢ ifpeD
OPVO0 & ¢ ifopeD
P00 & ¢
000 < O
Exercise 123 Prove the following equivalences:
11 & 1
161 & 1

Exercise 124 Give an example which demonstrates Va,¢ < ! x,0.

Exercise 125 Suppose ¢ s a formula. Give a formula v with the
property that a team X is of type ¢ if and only if every subset of

X 1s of type ¢.

Exercise 126 Suppose ¢ is a formula. Give a formula ) with the
property that a team X is of type ¢ if and only if every subset of
X has a subset which is of type ¢.

Exercise 127 Giwe a formula ¢ with the property that a team X
15 of type @ if and only if every subset of X has a subset which s
of type ¢, but it is not true that a team X 1is of type ¢ if and only
iof every subset of X s of type ¢.

Exercise 128 Show that ~ is not definable from the other symbols
in team logic, that is, show that the sentence ~ P, where P 1is a
0-ary predicate symbol, is not logically equivalent to any sentence
of team logic of vocabulary {P} without ~.

Exercise 129 Show that =(x1,...,x,) is definable from the other
symbols in team logic and formulas of the form =(t). That is,
show that there is a formula ¢(x1,...,x,) in team logic such that
=(21, ..., xy) and ¢(x1, ..., z,) are logically equivalent and ¢(x1, ..., ;)
has no occurrences of atomic formulas of the form =(ti,...,tn),
where m > 2.
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