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•  What	
  is	
  the	
  meaning	
  of	
  a	
  given	
  sentence?	
  
•  Can	
  we	
  say	
  the	
  same	
  thing	
  with	
  a	
  shorter	
  
sentence?	
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Game	
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Winning	
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Strategy	
  of	
  player	
  I	
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Using	
  a	
  strategy:	
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x1=σ1(y0)	
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Perfect	
  
informaGon	
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Strategy	
  of	
  player	
  II	
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Using	
  a	
  strategy:	
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y2	
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A

y0=τ0(x0)	
  

y1=τ1(x0,x1)	
  

y2=τ1(x0,x1,x2)	
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Now	
  we	
  let	
  two	
  strategies	
  play	
  against	
  each	
  other:	
  



Finite	
  perfect	
  informaGon	
  games	
  are	
  
determined	
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Proof:	
  	
  

Case	
  1:	
  Player	
  I	
  has	
  a	
  winning	
  strategy.	
  OK	
  

Case	
  2:	
  Player	
  I	
  does	
  not	
  have	
  a	
  winning	
  strategy.	
  Player	
  II	
  
moves	
  so	
  that	
  also	
  a_er	
  her	
  move	
  player	
  I	
  sGll	
  does	
  not	
  
have	
  a	
  winning	
  strategy.	
  

Jouko	
  Väänänen	
  



Proof	
  

•  Otherwise,	
  whatever	
  	
  y	
  player	
  II	
  moves,	
  player	
  
I	
  has	
  a	
  winning	
  strategy	
  g(y)	
  for	
  the	
  rest	
  of	
  the	
  
game.	
  

•  Now	
  I	
  has	
  a	
  winning	
  strategy	
  already	
  in	
  the	
  
beginning	
  of	
  the	
  game:	
  Look	
  at	
  the	
  move	
  y	
  of	
  
II	
  and	
  then	
  use	
  g(y).	
  

•  Perfect	
  informaGon	
  needed,	
  because	
  I	
  has	
  to	
  
know	
  the	
  move	
  y	
  of	
  II.	
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Non-­‐determined	
  game	
  

•  y1	
  =	
  x1	
  to	
  be	
  chosen	
  knowing	
  only	
  x0	
  
•  II	
  cannot	
  have	
  a	
  winning	
  strategy.	
  How	
  can	
  

she	
  hit	
  x1	
  knowing	
  only	
  x0.	
  

•  I	
  cannot	
  have	
  a	
  winning	
  strategy:	
  II	
  may	
  be	
  
lucky	
  and	
  I	
  cannot	
  prevent	
  that.	
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Infinite	
  game	
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Infinite	
  game	
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Strategy	
  in	
  infinite	
  game	
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� = (�0, �1, ...)
xi = �i(y0, ..., yi�1)

yi = �i(x0, ..., xi)
� = (�0, �1, ...)



Closed	
  game	
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if	
  every	
  iniGal	
  segment	
  of	
  the	
  play	
  has	
  some	
  conGnuaGon	
  in	
  W.	
  

In	
  a	
  closed	
  game	
  II	
  wins	
  if	
  at	
  any	
  moment	
  
she	
  has	
  at	
  least	
  one	
  winning	
  conGnuaGon.	
  



Open	
  game	
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Examples	
  of	
  infinite	
  games	
  

•  x0	
  =	
  5.	
  
•  y0	
  =	
  9.	
  
•  Some	
  xn	
  =	
  0.	
  
•  Some	
  yn	
  =	
  100.	
  
•  For	
  all	
  n:	
  xn	
  =yn	
  
•  From	
  some	
  n	
  onwards	
  ym	
  =	
  0	
  
•  yn	
  =	
  0	
  for	
  infinitely	
  many	
  n	
  
•  yn	
  =	
  0	
  for	
  all	
  n	
  that	
  are	
  powers	
  of	
  2	
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Gale-­‐Stewart	
  Theorem	
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Proof:	
  	
  

Case	
  1:	
  Player	
  I	
  has	
  a	
  winning	
  strategy.	
  OK	
  

Case	
  2:	
  Player	
  I	
  does	
  not	
  have	
  a	
  winning	
  strategy.	
  Player	
  II	
  plays	
  so	
  
that	
  also	
  a_er	
  her	
  move	
  player	
  I	
  sGll	
  does	
  not	
  have	
  a	
  winning	
  
strategy.	
  Since	
  W	
  is	
  closed,	
  player	
  II	
  wins.	
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Now	
  from	
  games	
  to	
  logic	
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Vocabulary	
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A	
  vocabulary	
  is	
  a	
  set	
  L	
  of	
  	
  
predicate	
  symbols	
  P,Q,R,...	
  
funcGon	
  symbols	
  f,g,h,...	
  
constant	
  symbols	
  c,d,e,...	
  

Arity	
  funcGon:	
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Model	
  

•  A	
  model	
  (or	
  structure)	
  M,	
  for	
  a	
  vocabulary	
  L	
  
is	
  a	
  non-­‐empty	
  set	
  M,	
  called	
  the	
  universe	
  of	
  
M,	
  and:	
  
– A	
  subset	
  PM  of	
  Mn	
  for	
  every	
  unary	
  predicate	
  
symbol	
  P	
  in	
  L	
  of	
  arity	
  n	
  

– A	
  funcGon	
  fM  of	
  Mn	
  into	
  M	
  for	
  every	
  funcGon	
  
symbol	
  f	
  in	
  L	
  of	
  arity	
  n	
  

– An	
  element	
  cM  of	
  M	
  for	
  every	
  constant	
  symbol	
  
c	
  in	
  L.	
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Examples	
  

•  Graphs	
  
•  Groups	
  
•  Unary	
  structures	
  
•  Ordered	
  sets	
  
•  Equivalence	
  relaGons	
  
•  Fields	
  

Jouko	
  Väänänen	
   Lecture	
  1	
   30	
  



Isomorphism	
  

Lecture	
  1	
   31	
  

 π	
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Isomorphism	
  defined	
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Substructure	
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Generated	
  substructure	
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ParGal	
  mappings	
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Li_ing	
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 π	
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Li_ing	
  defined	
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NotaGon	
  for	
  the	
  submodel	
  
generated	
  by	
  X	
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ParGal	
  isomorphism	
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When	
  there	
  are	
  funcGons	
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ParGal	
  isomorphism	
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Extending	
  a	
  parGal	
  isomorphism	
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Two	
  unary	
  funcGons	
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Two	
  graphs	
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Back-­‐and-­‐forth	
  set	
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A	
  set	
  of	
  parGal	
  isomorphisms	
  saGsfying	
  
the	
  sc.	
  back-­‐and-­‐forth	
  condiGon.	
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Back-­‐and-­‐forth	
  condiGon	
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In	
  the	
  back-­‐and-­‐
forth	
  set	
  

In	
  the	
  back-­‐and-­‐
forth	
  set	
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Back	
  and	
  forth	
  set	
  defined	
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ParGally	
  isomorphic	
  models	
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Models	
  are	
  parGally	
  isomorphic	
  if	
  there	
  is	
  a	
  
back-­‐and-­‐forth	
  set	
  of	
  parGal	
  isomorphisms	
  
between	
  them.	
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Not	
  parGally	
  isomorphic	
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Not	
  parGally	
  isomorphic	
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Dense	
  total	
  orders	
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•  All	
  dense	
  total	
  orders	
  without	
  endpoints	
  are	
  
parGally	
  isomorphic.	
  

A	
  

B	
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P = {f � Part(A,B) : dom(f) is finite}
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Countable	
  models	
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•  All	
  countable	
  parGally	
  isomorphic	
  structures	
  
are	
  isomorphic.	
  

A	
  

B	
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  Next	
  element	
  

Next	
  element	
  

Next	
  element	
  

…	
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Zero-­‐one	
  law	
  

•  Extension	
  axioms	
  
•  Countable	
  categoricity	
  
•  Glebskii	
  et	
  al,	
  Fagin,	
  zero-­‐one	
  law	
  

– ApplicaGon	
  of	
  back-­‐and-­‐forth	
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Summary	
  of	
  Lecture	
  1	
  

•  Basic	
  concepts	
  about	
  games,	
  determinacy	
  
•  ParGal	
  isomorphism	
  

•  Back-­‐and-­‐forth	
  set	
  
•  Next	
  Lecture:	
  

– EF	
  game	
  
– CharacterizaGon	
  of	
  (infinitary)	
  elementary	
  
equivalence	
  

– CharacterizaGon	
  of	
  definability	
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