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Summary

� The Query Equivalence Problem for Relational Calculus in 
undecidable.

� The Query Containment Problem for Relational Calculus is 
undecidable.

� The Query Evaluation Problem for Relational Calculus is decidable, 
but has high complexity (it is PSPACE-complete).
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Conjunctive Queries

� Definition: A conjunctive query is a query expressible by a 

relational calculus formula in prenex normal form built from atomic 

formulas R(y1,…,yn),  and  Æ and ∃ only.

{ (x1,…,xk):  ∃ z1 …∃ zm χ(x1, …,xk, z1,…,zk) }

� A conjunctive query can be written as a logic-programming rule:

Q(x1,…,xk) :-- R1(u1), …, Rn(un), where

� Each variable xi occurs in the right-hand side of the rule.

� Each ui is a tuple of variables (not necessarily distinct)

� The variables occurring in the right-hand side (the body), but 
not in the left-hand side (the head) of the rule are existentially 
quantified (but the quantifiers are not displayed).

� “,” stands for conjunction.  
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Conjunctive Query Evaluation and Containment

� Definition: Two fundamental problems about CQs

� Conjunctive Query Evaluation (CQE):

Given a conjunctive query q and an instance I, find q(I).

� Conjunctive Query Containment (CQC):

� Given two k-ary conjunctive queries q1 and q2, 

is it true that  q1 ⊆ q2? 

(i.e., for every instance I, we have that q1(I) ⊆ q2(I))

� Given two Boolean conjunctive queries q1and q2, is it true that 

q1 � q2? (that is, for all I, if I � q1, then I � q2)?

CQC is logical implication.
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Homomorphisms

� Definition: Let I and J be two database instances over the same 
relational schema S.  
A homomorphism h: I → J is a function h: adom(I) → adom(J) such 

That for every relational symbol P of S and every (a1,…,am), we
have that 

if (a1,…,am) ∈ PI , then  (h(a1), .., h(am)) ∈ PJ.

� Note: The concept of homomorphism is a relaxation of the concept 
of isomorphism, since every isomorphism is also a homomorphism, 
but not vice versa.

� Example:
� A graph G = (V,E) is 3-colorable 

if and only if
there is a homomorphism h: G → K3



6

The Homomorphism Problem

� Definition: The Homomorphism Problem
Given two database instances I and J, is there a homomorphism
h: I → J?

� Notation: I → J denotes that a homomorphism from I to J exists.

� Theorem: The Homomorphism Problem is NP-complete
Proof: Easy reduction from 3-Colorabilty
G is 3-colorable if and only if  G → K3.

� Exercise: Formulate 3SAT as a special case of the Homomorphism 
Problem.
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The Homomorphism Problem and Conjunctive Queries

� Theorem: Chandra & Merlin, 1977

� CQE and CQC are the “same” problem.

� Question: What is the common link?

� Answer:

� Both CQE and CQC are “equivalent” to the Homomorphism 
Problem.

� The link is established by bringing into the picture 

� Canonical conjunctive queries and

� Canonical database instances.
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Canonical CQs and Canonical Instances

� Definition: Canonical Conjunctive Query
Given an instance I = (R1, …,Rm), the canonical CQ of I is the 
Boolean conjunctive query QI with (a renaming of) the elements of I 
as variables and the facts of I as conjuncts, where a fact of I is an 
expression
Ri(a1,…,am) such that (a1,…,am) ∈ Ri.

� Example:
I consists of E(a,b), E(b,c), E(c,a)

� QI is given by the rule:
QI :-- E(x,z), E(z,y), E(y,x)

� Alternatively, QI is 
∃ x ∃ y ∃ z (E(x,z) Æ E(z,y) Æ E(y,x)) 
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Canonical Database Instance

� Definition: Canonical Instance

Given a CQ Q, the canonical instance of Q is the instance IQ with the 
variables of Q as elements and the conjuncts of Q as facts.

� Example:

Conjunctive query Q :-- E(x,y),E(y,z),E(z,w)

� Canonical instance IQ consists of the facts E(x,y), E(y,z),E(z,w).

� In other words, EIQ = {(x,y), (y,z), (z,w)}.
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Canonical Conjunctive Queries and Canonical Instances

Magic Lemma: Assume that Q is a Boolean conjunctive query and J is a 

database instance. Then the following statements are equivalent.
� J � Q.  

� There is a homomorphism h: IQ → J.

Proof: Let Q be ∃ x1 …∃ xm ϕ(x1,…,xm).

1. ⇒ 2. Assume that J � Q.  Hence, there are elements

a1, …, am in adom(J) such that J � ϕ(a1,…,am). The function h with 

h(xi) = ai, for i=1,…,m, is a homomorphism from IQ to J.

2. ⇒ 1. Assume that there is a homomorphism h: IQ → J.

Then the values h(xi) = ai, for i = 1,…, m, give values for the 

interpretation of the existential quantifiers ∃ xi of Q in adom(J) 
so that J � ϕ(a1,…,am). 
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Homomorphisms, CQE, and CQC

The Homomorphism Theorem: Chandra & Merlin – 1977

For Boolean CQs Q and Q’, the following are equivalent:

1. Q ⊆ Q’

2. There is a homomorphism h: IQ’ → IQ

3. IQ � Q’.

Proof:

1. ⇒ 2. Assume Q ⊆ Q’. Since IQ � Q, we have that IQ � Q’. 

Hence, by the Magic Lemma, there is a homomorphism from IQ’ to IQ.

2. ⇒ 3. It follows from the other direction of the Magic Lemma.

3. ⇒ 1. Assume that IQ � Q’. So, by the Magic Lemma, there is a 

homomorphism h: IQ’ → IQ.  We have to show that if J � Q, then J � Q’. Well, if 

J � Q, then (by the Magic Lemma), there is a homomorphism h’: IQ → J. The 

composition h’◦ h: IQ’ → J is a homomorphism, hence 

(once again by the Magic Lemma!), we have that J � Q’.
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Illustrating the Homomorphism Theorem

� Example:

� Q :  ∃x1∃x2 (E(x1,x2) Æ E(x2,x1))

� Q’:  ∃x1∃x2∃x3∃x4 (E(x1,x2) Æ E(x2,x1) Æ E(x2,x3) Æ E(x3,x2) Æ

E(x3,x4) Æ E(x4,x3) Æ E(x4,x1) Æ E(x1,x4))

Then:

� Q ⊆ Q’

Homomorphism h: IQ’→ IQ with 

h(x1) = x1, h(x2) = x2, h(x3) = x1, h(x4) = x2.

� Q’ ⊆ Q

Homomorphism h’: IQ → IQ’ with h’(x1) = x1,  h(x2) = x2.

� Hence, Q ≡Q’.
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Illustrating the Homomorphism Theorem

Example: 3-Colorability

For a graph G=(V,E), the following are equivalent:

� G is 3-colorable

� There is a homomorphism h: G → K3

� K3 � QG 

� QK3 ⊆ QG.
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The Homomorphism Theorem for non-Boolean Conjunctive 
Queries

� So far, we have focused on Boolean conjunctive queries.

� However, the Homomorphism Theorem easily extends to 
conjunctive queries of arbitrary arities by considering 
homomorphisms that are the identity on the variables in the head of 
the conjunctive queries (written as rules).

� Moreover, the Homomorphism Theorem also extends to conjunctive 
queries with constants in some of the conjuncts.

Find all cities one can reach by flying from San Jose with two stops

{x: ∃x1∃x2 (FLIGHT(SanJose, x1)Æ FLIGHT(x1,x2) Æ FLIGHT(x2,x))}.
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The Homomorphism Theorem for non-Boolean Conjunctive 
Queries

The Homomorphism Theorem: Chandra & Merlin – 1977

Consider two k-ary conjunctive queries 

Q(x1,…,xk) :-- R1(u1), …, Rn(un) and Q’(x1,…,xk) :-- T1(v1), …, Tm(vm), 

Then the following are equivalent:

� Q ⊆ Q’

� There is a homomorphism h: IQ’ → IQ such that 

h(x1) = x1, h(x2) = x2, …, h(xk) = xk.

� IQ, x1,…, xk � Q’.
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The Homomorphism Theorem for non-Boolean Conjunctive 
Queries

� Example:  Consider the binary conjunctive queries

Q(x,y):-- E(y,x),E(x,u)

and

Q’(x,y) :-- E(y,x), E(z,x),E(w,x),E(x,u)

Then Q ⊆ Q’ because there is a homomorphism

h: IQ’ → IQ with h(x) =x and h(y) = y, 

namely,

h(x) = x, h(y) = y, h(z) =y, h(w) = y, h(u) = u.
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Computational Complexity of CQC and CQE

Corollary: The following problems are NP-complete:
� Given two (Boolean) conjunctive queries Q and Q’ is Q ⊆ Q’ ?

� Given a Boolean conjunctive query Q and an instance I, 
does I � Q ?

Proof:
(a)  Membership in NP follows from the Homomorphism Theorem:

Q ⊆ Q’ if and only if  there is a homomorphism h: IQ’ → IQ

(b) NP-hardness follows from 3-Colorability:
G is 3-colorable if and only if QK3 ⊆ QG.
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Conjunctive Query Equivalence

� The Conjunctive Query Equivalence Problem: Given two conjunctive 
queries Q and Q’, is Q ≡ Q’?

� Corollary: For conjunctive queries Q and Q’, we have that

Q ≡ Q’ if and only if IQ ≡h IQ’.

� Corollary: The Conjunctive Query Equivalence Problem is

NP-complete.

� Proof:  

� The following problem is NP-complete:

Given a graph H containing a K3, is H 3-colorable?

� Let H be a graph containing a K3. Then

H is 3-colorable if and only if QH ≡ QK3.
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The Complexity of Database Query Languages

NP-completeUndecidableQuery Containment 
Problem

NP-completeUndecidableQuery Equivalence 
Problem

NP-completePSPACE-completeQuery Evaluation Problem  

Conjunctive QueriesRelational Calculus
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Beyond Conjunctive Queries

� What can we say about query languages of intermediate expressive
power between conjunctive queries and the full relational calculus?

� Conjunctive queries form the sublanguage of relational algebra 
obtained by using only cartesian product, projection, and selection 
with equality conditions.

� The next step would be to consider relational algebra expressions 
that also involve union.
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Beyond Conjunctive Queries

� Definition:  

� A union of conjunctive queries is a query expressible by an expression of 
the form q1 ∪ q2 ∪ … ∪ qm, where each qi is a conjunctive query.

� A monotone query is a query expressible by a relational algebra 
expression which uses only union, cartesian product, projection, and 
selection with equality condition.

� Fact:

� Every union of conjunctive queries is a monotone query.

� Every monotone query is equivalent to a union of conjunctive queries, 
but the union may have exponentially many disjuncts.

(normal form for monotone queries).

� Monotone queries are precisely the queries expressible by relational 
calculus expressions using Æ, Ç, and ∃ only.
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Unions of Conjunctive Queries and Monotone Queries

� Union of Conjunctive Queries

E ∪ π1,4 (σ$2=$3 (E× E)) or, as a relational calculus expression,

E(x1,x2) Ç ∃ z(E(x1,z)Æ E(z,x2))

� Monotone Query

Consider the relation schemas R1(A,B), R
2
(A,B), R

3
(B,C), R

4
(B,C).

The monotone query 

(R1 ∪ R2)  ⋈ (R3 ∪ R4) 

is equivalent to the following union of conjunctive queries:

(R1 ⋈ R3) ∪ (R1 ⋈ R4) ∪ (R2 ⋈ R3) ∪ (R2 ⋈ R4).
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The Containment Problem for Unions of Conjunctive 
Queries

Theorem: Sagiv and Yannakakis – 1981

Let q1 ∪ q2 ∪ … ∪ qm and q’1 ∪ q’2 ∪ … ∪ q’n be two unions of 

conjunctive queries. Then the following are equivalent:

1. q1 ∪ q2 ∪ … ∪ qm ⊆ q’1 ∪ q’2 ∪ … ∪ q’n.

2. For every i ≤ m, there is j ≤ n such that qi ⊆ q’j.

Proof: Use the Homomorphism Theorem

1. ⇒ 2. Since Iqi � qi, we have that Iqi � q1 ∪ q2 ∪ … ∪ qm , hence 

Iqi � q’1 ∪ q’2 ∪ … ∪ q’n , hence there is some j ≤ n such that Iqi � q’j, 

hence (by the Homomorphism Theorem) qi ⊆ q’j.

2. ⇒ 1. This direction is obvious.
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The Containment Problem for Unions of Conjunctive 
Queries

� Corollary: The Query Containment Problem for 

Unions of Conjunctive Queries is NP-complete.

� Proof:

� Membership in NP follows from the Sagiv-Yannakakis Theorem.

� We guess m pairs (q’ki
, hki

) and verify that for every i ≤ m,

the function hki
is a homomorphism from Iq’ki to Iqi.

� NP-hardness follows from the fact that Conjunctive Query 
Containment is a special case of this problem.

� Fact: The Query Evaluation Problem for Unions of Conjunctive 
Queries is NP-complete (combined complexity).

Proof: Exercise.
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The Complexity of Database Query Languages

NP-completeNP-completeUndecidableQuery Equivalence 
Problem

NP-completeNP-completeUndecidableQuery 
Containment 
Problem

NP-completeNP-completePSPACE-completeQuery Evaluation

Problem

Unions of 

Conjunctive 
Queries

Conjunctive 

Queries

Relational 

Calculus
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Tractable Cases of Conjunctive Query Evaluation

� Since conjunctive query evaluation is NP-complete, there has been 
an extensive investigation of special cases of conjunctive query
evaluation for which the problem is in P.

� The key idea is to impose structural restrictions on the conjunctive 
queries considered:

� Acyclic joins – M. Yannakakis (1981)

� Various extensions of acyclicity have been studied over the years,

including queries of bounded tree-width and queries of bounded 
hypertree width.

� Extensive interaction with constraint satisfaction, logic, and graph 
theory.
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Conjunctive Queries with Inequalities

� Definition: Conjunctive queries with inequalities form the 

sublanguage of relational algebra obtained by using only cartesian
product, projection, and selection with equality and inequality 

(≠, <, ≤) conditions.

� Example: Q(x,y):-- E(x,z), E(z,w),E(w,y), z ≠ w, z < y.

� Theorem: (Klug – 1988, van der Meyden – 1992)

� The query containment problem for conjunctive queries with 
inequalities is Π2

p-complete.

� The query evaluation problem for conjunctive queries with 
inequalities in NP-complete.
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The Complexity of Database Query Languages

Π2
p-completeNP-completeNP-completeUndecidableQuery 

Containment

Π2
p-completeNP-completeNP-completeUndecidableQuery 

Equivalence

NP-completeNP-completeNP-completePSPACE-
complete

Query 
Evaluation

Conjunctive

Queries with 

Inequalities

Unions of 
Conjunctive 
Queries

Conjunctive 
Queries

Relational 
Calculus
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Logic and Databases

Two uses of logic in databases:

� Logic as a query language.

� Logic as a specification language for expressing integrity constraints
(semantic restrictions) that the databases of interest must obey. 
Integrity constraints are also known as database dependencies.
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Database Dependencies

� Codd introduced functional dependencies in 1972.

� Soon after this, several different classes of integrity constraints were 
introduced and studied:

� Multivalued Dependencies

� Join Dependencies

� Inclusion Dependencies

� ….

� Eventually, it was realized that:

� Most of the integrity constraints considered are special cases of 
embedded implicational dependencies.

� Embedded implicational dependencies can be expressed by 
formulas of relational calculus.



31

Functional Dependencies

Definition: Let R be a relational schema and r an instance of R.

� If A1,…,Am, B are attributes of R, then we say that

r satisfies the functional dependency

A1,…,Am → B 

if whenever two tuples in r agree on the values of A1,…,Am, then 
they also agree on the value of B.

(in other words, there are no two tuples in r that have the same 
value on the attributes of A1,…,Am, but differ on the value of B).

� If A1,…,Am, B1,…,Bk are attributes of R, then we say that

r satisfies the functional dependency

A1,…,Am → B1,..,Bk

if r satisfies the functional dependencies 

A1,…,Am → B1, 

…

A1,…,Am → Bk.
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Functional Dependencies

Example: R(A,B,C,D,E)

� r satisfies:

� r does not satisfy:

21532

34421

64312

54321

EDCBA

Instance r
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Functional Dependencies

Example: R(A,B,C,D,E)

� r satisfies:

� A,B → D

� C → D

� B → A

� A,B,C → D,E

� …

� r does not satisfy:

� A → B

� C → B

� D → E

� …

21532

34421

64312

54321

EDCBA

Instance r
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Functional Dependencies

� Definition: A relational schema R satisfies the functional dependency

A1,…,Am → B1,..,Bk

if every instance r of R satisfies A1,…,Am → B1,..,Bk.

� Fact: In effect, the above definition imposes a semantic restriction 
on the instances of R, namely, we disallow all instances that violate 
the functional dependency A1,…,Am → B1,..,Bk.

� Notation: If X and Y are sets of attributes of R, then we write

X → Y 

to denote the functional dependency with the members of X in the 

left-hand side and the members of Y in the right-hand side.
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Functional Dependencies

Question: How do we know that a FD holds for a database schema?

Answer:

� This is semantic information that is provided by the customer 
who wishes to have a database schema designed for the data of 
interest.

� A FD may be derived (inferred) from other known FDs about the 
schema.
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Functional Dependencies

Example: COMPANY(employee, dpt, manager)

� Some plausible FDs are:

� employee  → dpt

� dpt → manager

� manager → dpt

� employee → manager

� Some implausible FDs are:

� manager → employee

� dpt → employee 

� Note: If both employee → dpt and dpt → manager hold, then 
employee → manager must also hold.
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Functional Dependencies and Relational Calculus

Fact: Every functional dependency A1,…,Am → B can be expressed in 

relational calculus.  More formally, there is a relational calculus formula

ψ such that for every database instance r, we have that the following 

are equivalent:
� r � A1,…,Am → B

� r � ψ.

Proof (by example): Assume that R has attributes A,B,C,D.

Then the following are equivalent for the FD A,B → C.
� r � A,B → C.

� r � ∀x,y,z,w,z’,w’(R(x,y,z,w) Æ R(x,y,z’,w’) → z = z’).

Note: The formula ∀x,y,z,w,z’,w’(R(x,y,z,w) Æ R(x,y,z’,w’) → z = z’)

is an example of an equality-generating dependency (egd).
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Equality-Generating Dependencies

Definition: An equality-generating dependency (egd) is a formula of

relational calculus of the form:

∀ x1,…,xn(ϕ(x1,…,xn) → xi = xj),

where ϕ(x1,…,xn) is a conjunction of atomic formulas 

(i.e., ϕ is a conjunctive query)

Examples:

� ∀x1,x2,x3(R(x1,x2) Æ P(x2,x3)Æ T(x2) → x2 = x3) 

� This is an egd, but not a FD.

� ∀x1,x2,x3(R(x1,x2) Æ R(x1,x3) → x2 = x3)

� This is both an egd and a FD, namely A1 → A2.   
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Inclusion Dependencies

Example: ENROLLS(student-id, name, course), 

PERFORM(student-id, course, grade)

Consider the integrity constraint:

� “every student enrolled in a course is assigned a grade”

This is an example of an inclusion dependency;

it is denoted by:

ENROLLS[student-id,course] ⊆ PERFORM[student-id,course,].
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Inclusion Dependencies

Definition: An inclusion dependency (ID) is an expression of the form

S[A1,…,An] ⊆ T[B1,…,Bn], where 

� A1,…,An are distinct attributes from R

� B1,…,Bn are distinct attributes from S.

� A database instance r satisfies S[A1,…,An] ⊆ T[B1,…,Bn] if 

for every tuple s ∈ S with values c1,…,cn for the attributes A1,…,An, 
there is a tuple t ∈ T with values c1,…,cn for the attributes B1,…,Bn.

� A database schema satisfies S[A1,…,An] ⊆ T[B1,…,Bn]

if every instance of the shema satisfies this ID.
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Inclusion Dependencies and Relational Calculus

Fact: Every inclusion dependency S[A1,…,An] ⊆ T[B1,…,Bn] can be 

expressed in relational calculus.

Proof (by example): Consider the ID 

ENROLLS[student-id,course] ⊆ PERFORM[student-id,course],

which expresses the integrity constraint:

“every student enrolled in a course is assigned a grade”.

This ID is equivalent to the relational calculus formula

∀x,y,z (ENROLLS(x,y,z) → ∃w PERFORM(x,z,w)).

Note: The formula ∀x,y,z (ENROLLS(x,y,z) → ∃w PERFORM(x,z,w)) 

is an example of a tuple-generating dependency (tgd).
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Tuple-Generating Dependencies

Definition: A tuple-generating dependency (tgd) is a formula of

relational calculus of the form:

∀ x1,…,xn(ϕ(x1,…,xn) → ∃ y1,..,ym ψ(x’1,…,x’
k
,y1,…,ym)),

where 

� ϕ(x1,…,xn)  and ψ(x’1,…,x’
k
,y1,…,ym are conjunctions of atomic 

formulas 

� The variables x’1,…,x’
k

are among the variables x1,…,xn.

Note: In effect, a tuple-generating dependency asserts that one

conjunctive query (namely, the one defined by ϕ(x1,…,xn))

is contained in another conjunctive query

(namely, the one defined by  ∃y1,..,ymψ(x’1,…,x’
k
,y1,…,ym)).


