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Abstract. Bounded Model Checking (BMC) is an efficient technique aggilie to verification of
temporal properties of (timed) distributed systems. Is thaper we show for the first time how to
apply BMC to parametric verification of time Petri nets wiikatete-time semantics. The properties
are expressed by formulas of the logic PRTECTL - a paramettension of the existential fragment
of Computation Tree Logic (CTL).

1. Introduction

In order to check whether a system satisfies a given profmtiy,the system and the property in question
ought to be abstracted. For complex, timed, multi-procesgactive systems a variety of approaches
exist — among them various kinds of Petri nets sinted automatas system abstractiongnodels),
and temporal, epistemic, timed, and dynamic logics as thpasty specification languages. Checking
automatically whether the model conforms to a given spetio is known as model checking [9].
One of the approaches used to represent distributed systimming dependencies [6, 7, 16§ time
Petri nets(TPNs) by Merlin and Farber [17]. In this paper we considést(ibuted) time Petri nets with
discrete-time semantics [19].
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Bounded model checking (BMC) is an efficient verification hoet whose main idea consists in
considering a model truncated up to a specific depth. In tloikwve use SAT-based BMC verifica-
tion, consisting in translating a model checking problervatde on a fraction of a model into a test of
propositional satisfiability, which is then made using a SA€cker.The method has been successfully
applied to verification of both timed and untimed systems3[24, 8, 12, 22, 27, 29]. This paper shows
how to adapt BMC methods, presented in [22, 28, 29, 30] andldped for timed automata, to the case
of time Petri nets and parametric properties. The profedie expressed by formulas of the logic PR-
TECTL [11] - a parametric extension of the existential fragmof Computation Tree Logic (CTL). This
is a relatively untouched area of research. We believe tlvadpproach shows how to apply parametric
model checking irpracticeas this problem is known to be of high complexity [5].

The rest of the paper is organized as follows. In Section dade work is discussed. Section 3
recalls from [11] the syntax and semantics of the logics us#uis paper. Section 4 introducgsmnodels
together with the bounded semantics ¥t TECTL andPRTECTL. In Section 5thetranslation of a
model and a property under investigation is presented hegetith an algorithm foBMC. Section 6
contains an application of the above method to time Petrs NExperimental results for the Generic
Pipelining Paradigm are shown in Section 7. The concludamgarks are in Section 8.

2. Related Work

The logics investigated in this paper were introduced ir},[Whereas an application &MC to the
existential fragment o€ TL originates from [21] with a further optimisation shown irl[]3While self-
contained, this paper can bensidered as an extension of [15] and [2Dhe work presented here falls
into a broad area of the Parametric Model Checking — an arobgyterm which may mean that we
deal with the parameters in models (as in [1] and [13]), indedas in [11] and [5]) or in both (as in
[26]). There are two reasons limiting the practical appi@as of the Parametric Model Checking. The
first one — computational complexity of the problem — is theuteof the presence of satisfiability in
the Presburger Arithmetic (PA) as a subproblem. In caseeotrtimslation of the existential fragment of
TCTL to PA formulae proposed in [5], the joint complexity of théwimn is SEXPTIME. The second
— undecidability of the problem for Parametric Timed Autdang general [1] — results ithe fact that
some of the proposed algorithmeay not to stogl3].

3. Parameterized Temporal Logics

In this section we recall two extensions of Computation Tregic (CTL) [10], introduced in [11].
The main logic considered in this paper, namBIRTCTL logic, is built of expressions containing
CTL-like modalities with additional parametric superscripxpressing théime lengthsof paths. The
universal and existential quantifiers over forementionadmeters are also allowed FRTCTL. The
vRTCTL logic can be perceived as an intermediate logic in buildfRTCTL sentences. The for-
mulae ofvRTCTL do not contain quantifiers and are evaluated under the acuetpparameter val-
uations. To give an exampleconsidervRTCTL formula ¢(©) = EF(AG=®receivingData —>
EG=?®=so0cketOpen). Under the parameter valuatiansuch that(©) = 2 we evaluatdg(0)], =
EF(AG=?receivingData => EG<*=socketOpen). Introducinga universal quantifier over param-
eter® bounded byi0 we goty)=Ve <10 EF(AG=®receivingData = EG<?®-socketOpen). The
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meaning ofy is that for each time boun@ smaller or equal thahO there exists a future state such that
if every execution path starts with consecutive data réagisteps taking time together, then among
these paths there is one such that the data input socketsisdcfor time of20. Therefore, we have
expressed a qualitative property of the system withoutguainy concrete values.

We interpret formulae, following the approach of Emersod &refler[11], in timed Kripke struc-
tures — i.e. standard Kripke structures having the tramstiabelledwith natural numbers. The value
of a label show$ow longit takes to traverse the transition. Throughout this payeX bve denote the
set of all natural numbers (includirty, and by« (©4, ..., ©,,) we point out that the formula contains
free parameter®+,...,0,,.

3.1. Syntax

Let®,..., O, be variables, called heparameters An expression of the form = >""" ; ¢; - ©; + ¢o,
wherecy, ..., ¢, € N, is called dinear expressionA functionv : {01,0,,...,0,} — Nis called a
parameter valuationLet Y be the set of all the parameter valuations.

Definition 3.1. Let PV be a set of propositional variables containing the syntloel We defineinduc-
tively the formulae oy RTCTL :

1. every member gPV is a formula,

2. if « and are formulae, then so arey, a A § anda V 3,

3. if « andg are formulae, then so aleX o, EGa, andEaU S,

4. if n is a linear expressiony and3 are formulae o RTCTL, then so ardfG<"a and EaU="3.

The conditionsl, 2, and3 alone defineCTL. Notice thaty is allowed to be a constant. The logic defined
by a modification of the above definition, wheye= « for a € N, is calledRTCTL in [11].

Definition 3.2. The formulae oPRTCTL are defined as follows:
1. if « € vRTCTL, thena € PRTCTL,

2. if a(©) € PRTCTL, whereO is a free parameter, then
Voa(0),Jea(0),Vo<,a(0),Jo<,a(0) € PRTCTL, fora € N.

3.2. Semantics

We evaluate the truth of the sentences and the formulae g@ooed with parameter valuations in timed
Kripke structures [11].

Definition 3.3. Let PV be a set of propositional variables containing the synitued. A timed Kripke
structure (amode) is a tuple(S, s, —, £), whereS is a finite set ofstates s € S is aninitial state,
— C S x N x S is a transition relation such that for evesye S there existss’ € S andn € N
with (s,n,s’) € — (i.e., the relation is total), and : S — 27V is a labelling function satisfying
true € L(s) for eachs € S.
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By s = s we denote thats,n,s’) € —. The intuitive meaning of = s’ is that it takesn time
units to reachs’ from s. The labelling function assigns to each stata set of propositions which are
assumed to be true at An infinite sequencer = (sg, no, s1,n1,...) such thats; are states of a model
ands; = s;,1 for i € N is called apath By 7 (i) we denote theé—th state present on a path We
define thetime distancebetween positions (0) and(j) asd := >>7—, n;, assume thai? = 0, and
lz‘mjﬁoodﬁr = oo (we consideprogressivepaths only).The number of the states 81 is called the size
of M and denoted byM |. For a parameter valuationand a linear expression by v(n) we mean the
evaluation ofy underuv.

Definition 3.4. (Semantics o RTCTL)

Let M be a models — a stateq, 5 — formulae offRTCTL. M, s =, « denotes thad is true at the state
s in the modelM under the parameter valuation We omit A/ where it is implicitly understood. The
relation=,, is defined inductively as follows:

1. s =, piff p € £(s)

2. s =y piff p g L(s),

3. sEv anpiff s=, aands =, j,

4. s =, aV BIff sEyaors =, G,

5. 5 =y EXaiff 3,(n(0) = s andr(1) =, ),

6. s |y EGaiff 3:(7(0) = s andV>om (i) =, @),

7. s =y EaUBff 3:(7(0) = s and3;>o [7(i) =, B andVo<,«im(j) o al),

8. s =y EG="aiff 3;(7(0) = s andV,>o (6% < v(n) impliesn(i) =, a)),

9. s =y BEaUS"iff 3;(7(0) = s and3;>¢ [0% < v(n) andn (i) =, B andVo< <7 (j) v af ).

Notice that if avRTCTL formula contains no parameters (i.e., it is Ri'CTL formula), then the
parameter valuation is irrelevant and may be omitted.

Definition 3.5. (Semantics oPRTCTL)
Let M be a models — a state, andv — a formula of PRTCTL. M, s = « denotes thatv holds at the
states in the modelM. The relation= is defined inductively as follows:

1. s EVYea(0)iff V>0 = a(© « ig),
2. 5 E Vo<aa(O) iff Yo<io<as | a(© «— ig),
3. s = Jea(0)iff Jigs0s = a(O — i),
4. 5 = Jo<aa(O)iff Jp<ig<as E a(O — ig),

whereig is a fresh integer variable and© « ig) means tha® is substituted byg in a.
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The following lemma, adapted fromProposition 4 from [11], states that in evaluating formutde
vRTCTL we can restrict the values of parameter valuatioya certain model-induced constant.

Lemma3.1. Let M = (S,s°,—, L) be a timed Kripke structurey € vRTCTL, v — a parameter
valuation, andu,,,., — the greatest time label of a time transition present/in
Then,M, s =, aiff M, s |, a, wherev' (©) = min{n.. - |M|,v(©)} for each parameted.

A direct application of Lemma 3.1 yields the next theoream-extensiorof Theorem 1 of [11].

Theorem 3.1. Let M be a timed Kripke structure an@1¢,<, --- @no, <a, f(©1,...,05), where
Qi €{3,V}, a; eNU{oo}, be aPRTCTL sentence. Therl, s = Q1¢,<q, - - - @ne,<a, f(O1,---,On)

iff M7 S ): Q191§min{a1,nm(m\M|} R QTZ@lSmin{an,nmaﬂM\}f(@l7 R 767’&)

Notice that the direct consequence of the above theoremaisetich unbounded quantifier can be re-
placed, without changing the validity of a formula in a fixeddel M, with a version bounded with the
nmaz|M| value. Similarly we can argue that non-superscripted nitbetican be replaced bsimilar
formulaewith < n,,,.|M| superscript. Therefore, from now on we omit the unboundehtifiers and
non-superscripte@ U and EG in our considerations. The methods presented in this papéypical for
BMC, are applied to thexistentialparts of the considered logics only.

Definition 3.6. The logicsvRTECTL, RTECTL, and PRTECTL are defined as the restrictions of
vRTCTL, RTCTL, and the set of sentencesBRTCTL such that the negation can be applied to the
propositions onlyrespectively

4. Bounded Semantics

We aim at verifying the properties expressed in the exigtefragments of the considered logics by
means of bounded model checking. Intuitively, to this enduwBld the computation tree of a given
model to a limited depth and check the validity of the propartquestion along such a finite structure.

Definition 4.1. Let M be a model, and € N. By Path;, let us denote the seff all the sequences
(so0,n0, $1,11, - - -, Sk), Wheres; is a state and; ™ s forall0 <i <k.The pair(Pathy, L) is called
the k—modelof M and denoted by/,.. An elementr, € Path,, is called ak—path.

Definition 4.2. Let M, be thek-model of A/ andr;, € Path,,. Define the functiorioop : Path;, — 2N
asloop(my,) = {l | 1 < k A Fpen(mi(k) 5 m(1))}

A k-pathm, is called aloop if loop(7;) # 0. Observe that loops are essentially a way of representing
some infinite paths in a finite way. The previously defined tuliganced? function extends to time
distance&%k along ak—pathm; in a natural way. We abbreviatiérk asdy, . Similarly, for ak—pathmy,
andc € Nwe defineA;, = max{i |i < kA d;, < c}-the maximal index of 7 s.t.d6;, <ec.

'Due tothe space limit, the more involved proofs have been movedpmeAdix.
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Definition 4.3. (Bounded semantics fov RTECTL)

Let My, = (Pathy, L) be thek—model ofM, s —a statep € PV, «, 8 € vRTECTL andv — a parameter
valuation. ByMy, s =, « we denote that holds in M}, under valuatiorv. We omit M, where it is
implicitly understood. Define the relatida,, as following:

1. sk piff p e L(s),

2. s | piff p & L(s),

3. skEvaVpiff sk=,aors =, S,

4. s =, aN\Biff s=, aands =, S,

5. s |y EXaiff 35, cpath, (7Tk(0) = sandm(1l) =, a),

6. s =y EG=Maiff 3, c paen,[m1(0) = s and((6,, >v(n) and vigAlﬁS’mk(i) =)

or (0x, < v(n) and V<xmi (i) Eoe andloop(my) # 0))],

7. sy EQUS"Gff 35, cpatn,, (mk(0) = s andaigAiﬁ,‘@”) (mx(i) o Band V<mi(§) o a)).
Definition 4.4. (Bounded semantics foPRTECTL)
Let M, be thek—model ofM, n,,.. —the greatest time label of the transitions preseft/irs — a stateq

—a sentence (a formula without free variablesP&TECTL anda € N. Recursively define the relation
= as follows:

1. My, s FVeo<a(O) iff Vocig<min{aknmest Mk s F (O — io),
2. My, s ': El@ﬁaa(@) iff Hogiegmin{a,k-nmaz}M]ﬂv s ): (O — i@),
whereig is a fresh integer variable.

The following lemma states some fundamental features dfidghaeded semantics. Namely, ieRTECTL
andPRTECTL properties which are valid in somie-model hold also in the whole mod&f. On the
other hand, if a considered property holds\ify it is also valid in somé&—model, where: < |M].

Lemma 4.1. Letk, ! € N such that: < [, M, be thek—model ofM, ands — a state. Consider a formula
a € vRTECTL together with a parameter valuatienand a sentencé € PRTECTL. The following
conditions hold:

(1). My, s =, aimpliesM;, s =, a, and My, s = g impliesM;, s = 3,
(2). My,s =, aimpliesM, s =, a, andMy, s = (impliesM, s |= 3,
(). M, s =y aimplies My, s =y o, and M, s = 3 implies M|y, s = 3.

5. Bounded Model Checking

Having presentedhe bounded semantics, wew applythe bounded model checking methodtie
verification ofpropertiesformulated invRTECTL and PRTECTL. The BMC method is based on the
idea of a translation of a part of the model together with gerty in question to a propositional formula.
Satisfiability of the result means that the translated fdanmolds in the model.
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5.1. Submodels

In order to obtain an acceptable efficiency, BlelC algorithm works on submodels of tiiemodel.

Definition 5.1. Let M}, = (Pathy, L) be thek-model. A substructureVf, = (Pathj,L'), where
Path), C Pathy, and L’ is the restriction ofL to the states present in the pathsidfth), is called a
submodebf M;,.

The bounded semantics oORTECTL formulae andPRTECTL sentences over submodels is defined as
for k-models. IfAf] = (Path;, L") and M}! = (Path}, L") are submodels of somie-modelM;;, such
that Pathj, C Path),, we write M}/ C Mj..

Lemma 5.1. Let M;, be thek—model,M;, and M, — its submodels, such thaf;’ C M, ands — a state
present in some path @;’. Then, we have:

1. M}, sk=ya= M, sk, a, forae vVRTECTL and any parameter valuatien

2. M!,s =a= Mj,s | «, fora € PRTECTL.

Proof:

The first part of the lemma is easily proved by the structurdliction. In order to prove the second patrt,
notice that in the bounded semantics the non-modal quastdie rewritten as, respectively, conjunc-
tions or disjunctions, and use the result of the first part. O

It was proved in [21] that in order to determine the truth of XATL formula in M, it is sufficient to
consider only submodels of a size given by a special funaiothe checked formula. In this paper we
extend these results.

Definition 5.2. Let o, 8 € PRTECTL, p be an atomic proposition, ang- a linear expression. Define
recursively the special functiof), : PRTECTL — N as follows:

) = fr(=p) =0,
aV B) = max(fr(a), fx(B)),

aAp) = fula) + fu(B),
EXa) = fr(a) +1,

1. f

fe(BaU=18) =k - fr(e) + fu(B) + 1,
Vo<cf(0)) = (c+1) - fr(5(O)),

Jo<cB(0)) = fk(B(O)).

The following lemmas state that we can determine the truttRIFECTL andPRTECTL formulae in
the k-model using submodels of size bounded by the value of theopgpte function.

90.\‘@.0":593!\’

fr(p
Ji(
fi(
Ji(
fe(EG=a) = (k+1) - fr(a) +1
fi(
fi(
i
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Lemmab5.2. Let « € vRTECTL, M, be thek-model andv — a parameter valuation. For any state
present in some path dfl;,, My, s =, o if and only if there exists a submodé¥; of M, such that
M}, s =y a and|Path)| < fr(a).

Proof:
See Appendix. O

Lemma 5.3. Let 8 be aPRTECTL sentence and{; be thek-model. For any state present in some
path of M, My, s |= @ if and only if there exists a submodaV, of M;, such thatM,,s = 3 and

|Pathi| < fir(B).

Proof:
Straightforward induction with respect to the number ofgpaeters, using Lemma 5.2. O

5.2. Translation toSAT

In order to translate the problem of validity of a senteace= PRTECTL in the submodelM/; to
the problem of satisfiability of a propositional formuﬂa]k we encodel; and« into propositional
logic, and then combine the results together. We present an adegrtsidn of the efficient translation
introduced in [31].

Consideramodel M. As the number of the states &1 is finite, they can bencoded as bit vectors
of lengthr = [log|M|]. Therefore, we can represent the states as the valuatiothe eectorw =
(ws,...,w,). Due to the fact that we need to count the time passed alongha wat augment the
representation of states with an additional bit veetor (di,...,d,) of lengthz = [log(k - nnaz)|
wheren,,,., denotes, as previously, the maximal value of transitiorellggnesent in)M/. The vector
w = (wy,...,w,,d1,...,d,) is called aglobal state variablewhile each its member is calledstate
variable Moreover, bywy, andd,, we denote the subvectois and d of the vectorw. Denote by
SV a set of state variablesA valuationV : SV — {0,1} naturally extends to the valuations :
SY" — {0,1}" andD : SV* — {0,1}* in such a way that/ (w1, ..., w,) = (V(w1),...,V(w,))

andD(dy,...,d.) = (V(dy),...,V(d.)). With a slight notational abuse, we denoteibyw) the state
encoded byw,,, and byf)(w) - the value of time encoded h¥,. Thesymbolick-pathis a vector of
global state variables. As we need a number of symbefiaths to represent thiepaths in a translated
submodel, by(wg;, w1 ;,...,w;) we denote thé-th symbolic k-path, wherew ;; is a global state
variable.

Let w, w’ be global state variables,a state angh a proposition. In the rules of the translation the

following propositional formulae are used:

A

1. p(w) denotes a formula such thit = p(w) iff p € L(V(w)),

2. T(w,w') denotes a formula such thit = T'(w,w’) iff V(w) — V(w/) (i.e., there exists a
transition betweerd/(w) and V' (w’) in the modelM, but the values oD(w), D(w’) are not
taken into account),

3. Td(w,w') denotes a formula such thkt = T'd(w,w’) iff V(w) - V(w') for somen € NN,
andD(w') = D(w) + n (i.e., there exists a transition betwekitw) andV (w’) in the model
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M, and the difference betwedn(w’) and D(w) corresponds to the time passed while performing
this transition),

. H(w,w')isaformula stV = H(w,w')iff V(w) = V(w’) (encodes equality of states),

(2 NN SN

. Li(j)=V"*_, T(wy ;, wi ;) encodes aloop, i.eV; = Ly(j) iff loop((V (wo), -, V(Wi;))) # 0,
6. I,,(w) is aformula stV = I, (w) iff V(w) = s andD(w) = 0 (encodes the initial state),
7. Z(w)is aformula s.tV = Z(w) iff D(w) = 0 (w encodes the first state of a path),

8. Le(w,a), fora € IN, is a formula such that = Le(w, a) iff D(w) < a.

Let M be a model andl be a finite subset dfi. Theunfolding of the transition relatiois defined as

k-1
(M= N\ Td(wi g wirn ).
jeAi=0

It is easy to see thal’ = [M]Z1 iff for eachj € A, (V(wo),...,V(wg;)) is ak-path inM. As
the translation introduced in [31] was an essential impmoet over the original one of [21], we follow
Zbrzezny’s approach in our work.

Following [31], let A and B be finite subsets df. By A < B we denote that < y forall x € A
andy € B. Letk,m,p € Nandm < |A|, then:

1. gr.(A,m) is the subseB of A such tha{B| = m andB < A\B,

2. gr(A, m) denotes the subsét of A such thatB| = m andA\B < B,
3. hx(A)is the setA\{min(A)},
4

. if k + 1 divides|A| — 1 thenhg(A, k) is the sequence of set®, ..., By) such than:O B; =
A\{min(A)}, |B;| = |B;j| andB; < B; for every0 <i < j <k,

5. if k divides|A| — 1 — p, thenhy (A, k, p) denotes the sequence of séts, ..., By) such that
Uk, Bi = A\{min(A)}, B; < B; forevery0 <i < j <k, |By| = ... = |By_1| and|By| = p.

We also need a sequence element selector thakig(ift, k) = (Bo, ..., By) then defingiz (A4, k) (i) =
B;for0 <i < kandifhy(A,k,p) = (Bo,...,Bx), definehy (A, k,p)(i) = B;for0 < i < k. The
functions gz, and gr are used to divide the set of path indices into the two partbefizes sufficient
to perform the independent translation of subformuleend of formulaa A 3. Similarly, hg andhy;

are used to divide the set of path indices into the sequehers¢ the use of the selector) of subsets
which are of the sizes sufficient to perform the translatibsubformulaex and a together withg of,
respectively, formula&G="« and EaU" 3. A more in-depth description can be found in [31].

Definition 5.3. (Translation of vVRTECTL)
Let o, 8 € vRTECTL, p — an atomic propositiony — a parameter valuatiom, — a linear expression,
(m,n) e NxN;andA C N.

R [p] E{m,n,A,v] — p(wm,n) and [_‘p] E{m,n,A,v] — —'p(Wm,n),
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° |:O[ A ﬂ] k‘m A U} = [O[:| E{man@L(A,fk(a,U)),U] A [ﬁ] ][cm7n=§R(A7fk (ﬂ,U)),U} ’
. [Oz v ﬁ] I[Cm n, Al — [a] E{m,n,ﬁL(A,fk(a,v)),v] A [ﬁ] Lm,n,gL(A,fk (B,0)),v] ’
: [EXQ] Egm el = H (W n, Wo,mm(A)) A [Oz] ][gl’mm(A)’hX(A)’v],

[

m,n,Av
EGSTIOé]Eg ¥ : H(Wm n, W( mm(A)) N Z(WO mzn(A))

( ( Le(Wimingay, 0(m) A (Li(min(A)) A NE_g [a] PRy )
v ( _'Le(wk,min(A)’U(n)) A
NS (Le(W; min(ay, v(n)) = [a] Pt areBEdy )y

m,n,Av
[EO[USnﬁ]]L } = H(Wm,na WO,min(A)) N Z(WO,min(A)) A
i,min(A),hy (A k, ) (k),v
\/f:O(Le(wi,min(A)av(n)) A ([5];; (A)hu (Ak,fu(B) (R) 0]
i— imin(A),hy (Ak, ) ()0
/\j:%) [a]l[g (A),hu (Ask, fre(B0))(7) ]) )

The above encoding is based on the bounded semantieRIOECTL (see Definition 4.3).

Definition 5.4. (Translation of PRTECTL)

Leta« € PRTECTL, A C N, (m,n) € N x N, andec € N. If a contains no quantifiers and no free
parameters, then:

[a} [m,n,A] — [OL] [m,n,A,v]

B . , Wherev is any parameter valuation.

As in the above case € vRTECTL and it contains no free parameters, the choice wfirrelevant.
Letd = min{c, k - npqs }, then:

[v@g(/a(@)} L’"Lv"’A] — I:Oé(d):l E:n77L7§L(A7fk(a(d)))] A [Vegd_1a(®)] E:’LvnvflR(Aafk(v(—)ﬁd—la(e)))]7

[Hegca(@)} Lmvan] = [Oé(d)} Lm:nng(Affk(a(d)))] vV [EOSCI*IQ(G)} E:n:nng(Affk(ae)ﬁd—la(@)»]'

Let M}, be thek-model. Ifa € PRTECTL, defineFj(a) :={i € N| 1 < i < fi(a)}. The setF},
contains the indices of symbolicpaths used to perform the translation. The forn{ma] kF’“(O‘) encodes
all the M, submodels of the size not greater than needed to validateutieof formulac, as indicated
in Lemmas 5.2, 5.3.

We are now readto complete the translation of the problem of validit¢lRTECTL andPRTECTL
to the problem of satisfiability of propositional formuldeet M}, be thek-model,a € vRTECTL and
v be a parameter valuation. Denote

Fi,(c)

[0,0,Fk(c),v]
& .

(M} = [M] i

k
Similarly, let 3 € PRTECTYL, then denote

Al (W070) A [Oc]

M1 = M1 A Lo(wo) A [8]0H,

The following theoremensure the completeneasd correctness of the translation.
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Theorem 5.1. Let M}, be thek-model of M, v — a parameter valuatiom; — a formula ofvRTECTL
containing at least one modality, arc state. Then, the following equivalence holdg, s =, « iff
[M]," is satisfiable.

Proof:

The proof is divided into two parts: the proof of correctnassl the proof of completeness of the trans-
lation, both obtained by the induction on the length of therfala. Both the parts are similar to the

counterparts of the theorem for ECTL that is Theor&msand3.2 from [31]. O

Theorem 5.2. Let M, be thek-model of M, 5 — a sentence o0PRTECTL containing at least one
modality, ands — a state. Then, the following equivalence hold$;, s = 3 iff [M]i is satisfiable.

Proof:
This can be shown by replacing the non-modal quantifiers ormdla of PRTECTL with, appropri-
ately, conjunctions or disjunctions, and by using Theorein 5 O

6. Implementation for Time Petri Nets

In this section we show how to implement the above verificatiethod for the case of time Petri nets.
To this aim, we start with recalling some basic definitions.

6.1. Time Petri Nets

In the paper we consid¢ime Petri nets and a notable subclass, callisttibuted time Petri nets The
standard definition of time Petri nets is as follows:

Definition 6.1. A time Petri net (TPN, for short) is a six-element tuple= (P, T, FR, Eft, L ft,m°),
whereP = {p1,...,pn,} is a finite set ofplaces T = {t1,....t,, } is a finite set oftransitions
FR C (P xT)U(T x P)is theflow relation Eft, Lft: T — IN are functions describing trearliest
and thdlatest firing timeof the transition, where for ea¢he T we haveE ft(t) < Lft(t), andm® C P
is theinitial marking of \V.

For a transitiort € T" we define itspreset ot = {p € P | (p,t) € FR} andpostsette = {p € P |
(t,p) € FR}, and consider only the nets such that for each transitiorptaset and the postset are
nonempty. We need also the following notations and defimstio

« amarkingof \V is any subsetn C P,

* atransitiont € T is enabledat m (m/[t) for short) if e¢ C m andt e N(m \ et) = ); andleads
fromm tom/, if it is enabled atn, andm’ = (m \ et) U te. The markingn’ is denoted byn|t)
as well, if this does not lead to misunderstanding.

s en(m)={teT|mlt)},

o fort € en(m), newly_en(m,t) ={u € T |u € en(m[t)) N (teNeu#DVuenet({)}.
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In this work we assume a discrete-time semantics of TPNsgoasider integer time passings only (cf.
[19]). A concrete state of a net\ is then a pailm, clock), wherem is a marking, andlock : T — IN

is a function which for each transitiane en(m) gives the time elapsed sin¢dbecame enabled most
recently, and assigns zero to other transitions. Giventa @ta clock) andé € IN, denote bylock + §
the function defined byclock + §)(t) = clock(t) + ¢ for eacht € en(m), and(clock + §)(t) = 0
otherwise. By(m, clock) + ¢ we denote(m, clock + §). Theconcrete state spaaa ) is a structure
(2,0% —.), whereX is the set of all the concrete states\df o° = (m?, clock?) with clock®(t) = 0
for eacht € T is the initial state ofA/, and—.C ¥ x (T'UIN) x X is a timed consecution relation
defined by:

e for 6 € IN, (m, clock) ic (m, clock + 0) iff (clock + 9)(t) < Lft(t) for all t € en(m) (time
successor

» fort € T, (m, clock) LN (m!, clock”) iff t € en(m), Eft(t) < clock(t) < Lft(t), m' = mlt),
and for allu € T we haveclock’(u) = 0 for u € newly_en(m,t) andclock’(u) = clock(u)
otherwise éction successor

Notice that firing of a transition takes no time.

Given a set of propositional variablédl/, we introduce a valuation functior. : ¥ — 2V which
assigns the same propositions to the states with the sankénger We assume the s/ to be such
that each; € PV corresponds to exactly onec P, and use the same names for the propositions and
the places. The functioW is then defined by € V.(c) <= p € m for eacho = (m,-). The structure
M.(N) = (2,0° —, V.) is called aconcrete modedf . It is easy to see that/.(N\) induces a timed
Kripke structure, obtained from/.(\) by replacing labels corresponding to transitions by thellab

In order to benefit from a structure of the net and obtain atgresficiency, we consider separately
a subclass of TPNsdistributed time Petri netdefined as follows:

Definition 6.2. LetJ = {iy,...,i,} be afinite ordered set of indices, andYet= { N, = (P, T}, F'R;, m?,
Eft, Lft;) | i € J} be a family of 1-safe, sequential time Petri nets (cafleatesses indexed with
J, with the pairwise disjoint set®; of places, and satisfying the conditigki,, iz € J)(Vt € T3, N
T.,) (Efti, (t) = Eft,(t) A Lft, (t) = Lfti,(t)). A distributed time Petrinet' = (P, T, FR,m", E ft,
Lft)is the union of the processé§, i.e.,P = Uicg P, T = Uieg Tt FR = Uiy FRi, m° = Uiegm?,
Eft= Uiei] Eft;,andLft = Uiej Lft.

Notice that the function® ft;, (L fti,) coincides withE ft;, (Lfti,, resp.) for the joint transitions of
each two processds andis. The interpretation of such a system is a collection of setjale non-
deterministic processes with communication capabilifiéa joint transitions). Moreover, we assume
that the initial marking of a DTPN contains exactly one plateach process of the netnd that all its
processes argtate machine§.e., for each € J and eacht € T;, | o t| = |t @ | = 1), which implies that
in any marking of\ there is exactly one place of each process. It is importanbgervethat a large
class of distributed nets can be decomposed to satisfy theeabkquirement [14].

The structure of the above nets allows to define concretesstéthese nets in a differeway. Instead
of assigning alock to a transition, we assign it to a process; the clock showsirhe passed since the
most recently marked place @ process was marked. Such a semantics is equivalent to tdasta
one [23], but results in reducing the number of clocks, widluences efficiency of implementations.
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In order to be able to perform parametric verification, weddtice an additional restriction on the
nets under consideration, i.e., require they contain nteaycof transitions such that for eache C
we haveE ft(t) = 0 (which guarantees that the time flows when the net progressesis a typical
assumption when analysing timed systems).

6.2. Implementation

Given a time Petri nel, let ¢, denote the greatest finite value of the functiofit of V. It is easy
to see that for eackn, clock) € ¥ and eacht € T we haveclock(t) < ¢pa.- Thus, the states of
Y. can be encoded by valuations of a vector of state variableging a pair(w.,, w.), wherew,, =
(w[1],. .., wn[np]) encodes the marking part of a state, whereas= (w.[1],...,w.[b]), with b =
[log(nr - ¢maz)], €ncodes the clock part. Lét= {1,...,np} andJd(m) = {i € I | p; € m}. The
functions needed to encode the transition relation are ridtedfollowing form:

* H(w,v) = /\1§z‘§np wi[i] == vp[i] A /\19‘31) weli] <= wveli],
* pi(w) = wmli],
° ISO (W) = /\ieﬂ(mo) [ ] A /\zEfJ\fJ m0) _‘wm[ ] A /\z 1,. _'wc[ ]

* T(w,v) = Tirans(W, V) V Tiime (W, V), WhereTy,..,s (w, v) encodes that the state represented by
wy IS @ successor of the state representedvfyobtained by firing a transition, arif;;,.(w, v)
encodes that the state representedvbys a time successor of the state represented.py

(the details of the last two encodings, as well as of the reimgifunctions, are omitted for simplicity).
Moreover, it is reasonable to consider sequences of tiamsiin which time- and action steps alternate.
Contrary to the general case, for DTPNs and their semaniitsclocks assigned to processes we
cannot assume any upper bound on clock values. Howeveretigghl of time steps can be restricted
(without loss of generality) to a value depending®f,.., which in turn allows to bound values of clocks
on ak-path by a value depending é@&andc,,., (the details can be found in [20]). This allows to encode
the states on &-paths by valuations of vectors of state variables, sityilas in the general case. The
functions needed to encode the transition relation, as agethe structure of sequences of transitions
considered, are of a similar form to the ones listed abovailfaghe details are omitted forevity).

7. Example — Generalized Timed Pipelining Algorithm

We consider the Generic Pipeline Paradigm Petri net mod! [It consists of three parts: Producer
producing data RrodReady), Consumer receiving dat&’'¢nsReady), and a chain oh intermediate
Nodes « Node; Ready) - ready for receiving datg,Node; Proc) - processing data, andV ode; Send)

- sending data.

Notice that the example can be scaled in order to see howzbeosithe system influences perfor-
mance, and whether the truth of the verified formulae is tdfikcThe parameteis b, ¢, d, e, f are used
to adjust the time properties of Producer, Consumer, anéhteemediate Nodes. So, it is possible to
change the constraints on the processing and idle time bftagrocesses.

We test the following formulade EF<® (= ProdReady N ~ConsReady N EG=®—ConsReady).
Intuitively, it expresses that the system can reach, inithe smaller or equal than some val@e such
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ProdReady Node;Ready NodesReady Node,Ready ConsReady

L
) ¢, d c,d
[a, b] m— & e
Node;Proc NodesProc Node,Proc
le, f] [e. f] le. f)
Node;Send Node;Send Node,Send

Figure 1. Generic Timed Pipelining Paradigm

Table 1. Testing the formulde £ F<®(—~ProdReady N -~ConsReady N EG=®-ConsReady)
(time measured in seconds, memory in MB).

n k time params PBMC RSat | SAT?
a ‘ b ‘ c ‘ d ‘ e ‘ f | clauseg ‘ | vars| ‘ time ‘ mem time Y/N
0| 4 |0]5 0|5 0|5 18752 6173 0.3 3.6 0.04 Y
1120 0|5 0|5 21 949002 313710 | 78.93 | 44.47 | 6.46 N
1| 8 0|5 0| 2 1,3 131783 43424 14.96 | 9.02 5.02 Y
112001 0| 2 1,3 670398 222073 | 87.7 | 32.22 | 88.05 N
118 0|5 0|2 1|3 131783 43424 15.36 | 9.02 4.96 Y
2120| 1|3 2|5 1|3 2096085 | 694835 | 192.8 | 94.23 | 176.11 N
21 20| 1|5 2|5 1|5 2080957 | 690067 | 208.2 | 93.58 | 202.35 N
2|12 | 1|12 |1 12 | 1 | 12 | 1086932 | 358616 | 79.95 | 50.27 | 156.03 Y
3120 0|5 0|5 0|5 2462343 | 817103 | 298.2 | 110.1 | 249.25 N
3116 | 1| 10| 1| 10| 1 | 10 | 3189145 | 1057781 | 255.6 | 141.4 | 363.43 Y
412008 2|8 1|5 5344604 | 1774816 | 707 234.6 | 747.06 N
4 1200|101 10|15 6612127 | 2196285 | 875.7 | 289.5 | 868.55 Y

a state that neither Producer is ready to produce nor Conssmeady to receive, and for the neit
time steps the Consumer receiving abilities are disablexithA experiments (see Table 1) confirm, the
validity of this formula heavily depends on the combinatafrthe constants. For example, comparing
the fourth and fifth row reveals that in a simple one-procépsline, the time in which Producer and
Consumer are allowed to be idle is crucial to the system gricg capabilities. This is quite natural,
because it is shortened fron% time units tol, keeping the remaining constants fixed, then Consumer
can remain in the idle state-C'onsReady) for just one time step. The times of the translation to SAT
(PBMC) and of solving satisfiability by the solver (RSat) gieen for the value of of the second
column.

We implemented the procedure above on top of Verics BMC tgaldmbining the encodingf the
transition relation for distributed time Petri nets [20}fihe encoding of PRTECTL operators [15]. The
experimentsvereperformed onl.6 GHz Intel Atom with1GB RAM.
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8. Conclusions and Further Work

The aim of this paper was to present both a general thedrejigaoach to SAT-based verification of
PRTECTL properties of discrete-timed systems, and its implemiemgsupported by some experi-
mental results) for time Petri nets with discrete-time setica. In the second case we focused on dis-
tributed time Petri nets as their structure allowed us taiola higher efficiency of the implementation
due to a reduced number of clocks.

Our future work will involve an implementation of the methaldo forstandardTPNs with discrete
semantics. Moreover, we expect that using such a semastagficient to reason aboRTECTL
properties also in the case of TPNs with dense time (whichaget on results of Popova [24, 25]).
Proving this will be a topic of a next paper.
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A. Appendix

In this section we provide the proofs omitted from the textraughout this part we put — s’, where

s, s’ are states of a modal/, if there exists somé e N such thats — s'. Letr be a path in a modé&l/
andc € N, and denote\¢ = max{i | ¢ < c}.

Lemma 3.1. LetM = (5,5, —, £) be atimed Kripke structurey € vRTCTL andv — a parameter
valuation. Denote by, the greatest time label of a time transition presentdih Then), s =,
a <= M,s |, a, wherev (0) = min(nmq. - |M|,v(0)) for each paramete®.

Proof:
The proof goes by the structural induction. We omit the eaasidocases and focus diV and EG
modalities. Notice that’(©) < v(O) for all the parameter®, therefore alsa’(n) < v(n) for any
linear expressiomn.
Let us start with showing thatl=, EG="« iff s =, EG="a.If s =, EG="«, then from the existence
of a pathr such thatr(0) = s andn(i) |, « foralli < AV the fact thatdl ™ < AY™ and the
inductive assumption we obtain=,, EG<"a.
On the other hand, i |=,, EG="«, we consider two cases. The first case, wh&n) = v(n) is trivial,
so let us assume that(n) < v(n). Notice thatv'(n) > nmq. - |M|, and consider a path’ satisfying
7'(0) = s and7’'(i) =, aforalli < Aj;/,(”). Now, due to the fact that the longest finite path built from
the distinct states i/ is of length at mositM/ |, and its time length is smaller or equal(td/|—1) - 74z,
we obtain thatA;//(”) > |M|. Therefore, there exigt< k < |M| such thatr’(k) — ='(l). Define the
pathr as follows:
, 7' (i) fori <k

(i) = { , , .

©'(l+ (i — k)mod(k — 1)) fori > k.

This path satisfies (0) = s andr (i) =, o foralli < A2 from whichs =, EG="a follows by the
inductive argument.

Consider the case of =, EaUS"3 iff s =, EaUS"8. If s =, EaU="(3 then there exists a path
7 such thatr(0) = s, and for some < A" we haver(i) =, 3, andr(j) =, a forall j < i.
Again, we consider two cases and omit the easy cas&9f = v(n). Assume that'(n) < v(n), from
which we obtain the fact thak2"” > |M|. Therefore, as previously, there exist & < |M| such that
(k) — m(l). By consecutive removal of blocks such&$), ..., n(k — 1) from 7, we eventually arrive
at the pathr’ such that for some < |M| < Az:(") we haver’(0) = s, 7'(i) =, 3, andn’(j) =, o for
all j < i. Thus, by the inductive assumptier=,, EalU="4 follows.

Finally, if s =, FaU<"$, thens =, EaU=<"3 follows from the fact thatd? ™ < AY™ and the
inductive assumption. O

Lemmad4.l. Letk,! € N such thatt < [, M, be thek—model ofM/, ands — a state. Consider a formula
a € vRTECTL together with a parameter valuatian and a sentencg € PRTECTL. The following
conditions hold:

(1). My, s =, aimpliesM;, s =, a, and My, s = 5 impliesM;, s = (3,
(2). My, s =, aimpliesM, s =, a, and My, s = 3 impliesM, s = 3,
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(). M, s =y aimpliesM)yy, s =y o, and M, s |= B implies My, s = 3.

Proof:

Let us focus on the implications concernindormulae ofRTECTL. We start with the first implication
and omit the basic case of atomic subformulae and their imegaas trivial. Leta, 5 be formulae
satisfying the considered property, théfy.,s =, a A 3 iff My,s =, o and My, s =, 3, from
which by the inductive assumption follows thaf;, s =, « and M, s =, ( which is equivalent to
M;, s =, a A . The case of disjunction follows similarly. For the casé\éf, s =, E X« let us notice
that a finite pathr in M, such thatry(0) = s and My, 7, (1) =, « is a prefix of some finite path in
M, thereforeM;, s =, EXa. Now, the case of, s =, EG="a can be divided into two subcases.
If v(n) < dr,, then definer; as some finite path if/; containingr, as a prefix. Ifu(n) > o, , then
there exists an infinite path along whicha holds (see the proof of Lemma 3.1). Defimgas a prefix
of length{ of =. In both the casesa holds alongr;, thereforeM;, s =, EG="a. In the final case of
My, s =, EaU<"4 let us notice that if for some pathy, in M;, we haver(0) = s, My, 7(i) o 3,
My, mi(j) v aforall 0 < j <iandi < Aﬁff) then the same path is a prefix of some pativip thus
M, s =, EaUS"3.

The second implication is proved by the structural indugtsimilarly to the above reasoning. The only
nontrivial case is when we considéfy, s =, EG="«. Notice that ifv(n) < &, , then a finite path

along whicha is satisfied up tcA%i") steps can be extended to an infinite path (due to the facthhat t
transition relation is total). On the other handuify) > .., then the finite path along which is
satisfied contains a loop, and can be transformed into iefpath by traversing the loop, as in the proof
of Lemma 3.1.

In the proof of the last implication we focus on two modatiestarting from the case dff,s =,
EG="q. If this formula is valid, then there exists an infinite pathin M such thatr(0) = s and

M,7(i) =y aforall 0 <i < Aii}(ﬂ). There are two possible subcases. We omit the easier sulvbase

Aﬁi") < |M]|. If Aﬁi") > | M|, then the pathr contains a loop with a return from positien< |M|.
Therefore, by unwinding a loop in we can create an infinite path such thais satisfied in each of
its positions — also along a prefix of length/|. ConsideringM, s |=, EaU<"3, notice that there
exists an infinite pathr in A/ such thatr(0) = s and for some < Aﬁi") we haveM, n(l) =, § and
M, n(i) =, aforall 0 < i < . Again, there are two subcases. We omit the easier casecdf\/|. If

[ > | M|, then there exist, m € N such that < m <, andw(n) = =(m). By consecutive elimination
of blocks of typer(n+1),...,7(m), as in the proof of Lemma 3.1, we eventually obtain a pétbuch
that='(0) = s, 7'(j) =, § for somej < |M|, and7'(i) =, aforalli < j.

The part concerning sentences dPRTECTL is obtained by straightforward induction with respect to
the number of quantifiers, and using the results proven above O

Lemma5.2. Leta € vRTECTL, M, be thek-model andv — a parameter valuation. For any state
s present in some path dfl;,, My, s =, o if and only if there exists a submodgl;. of M;, such that
M}, s =, aand|Path)| < fi(a).

Proof:

The "if” part follows directly from Lemma 5.1. For the "only"ipart, we use the structural induction.
The base cases 0f, s =, p andMy, s =, —p are trivial. Notice thatVly, s =, a Vv Biff My, s =, «
or My, s =, . From the inductive assumption thereli§, such thatV}, s |=, a and|Path;| < fi(a),
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or Mj,s =, B and|Path;| < fp(B). ThusM},s =, oV g and|Path}| < max(fi(a), fr(3)) =
JulaV p).

Recall thatMy,, s =, a A B iff My, s =, a andMy, s |, (. By the inductive assumption there exist
submodelsV;’ and M, of M, such thatM}, s =, «, |Path| < fi(a) andM;", s =, B, |Path]| <
fx(B). Consider the submodél/; such thatPath) = Path) U Pathj’, then from Lemma 5.1 and
the inclusions)M; C M, M;” C M we obtainM],s =, a A 8. Moreover,|Path},| < |Path}| +
|Pathy’| < fi(a) + fu(B) = frla A B).

Now consider the case 8f}, s =, EX «. From the definition of bounded semantics we obtain that there
is somek—pathr, € Pathy, such thatry(0) = s and My, 7, (1) =, «. From the inductive assumption
there exists a submod@l;’ such that\/}’, (1) =, a and|Path}| < fi(c). Define the submodéls],
having Path) = Path} U {m}. Then fromm;, € Path) and Lemma 5.1 we obtaif/}, 7;(1) =, o,
thereforeM} , s |=, EXa. Moreover,|Path) | < |Path}|+1 < fi(a) +1 = fr(EXa).

Let us move to the case afl;, s =, EG="a. We have to consider two subcases. In the first case there
exists a pathr,, € Path;, such tha’rAﬁ,ﬁ") < k, mp(0) = s and My, 7 (i) =y aforall 0 <i < A%ﬁ").

Let M denote a submodel dff;, such thatV/}, my.(i) =, « and|Patht| < fi(a) for0 <i < A,

DefineM], such thatPath) = UogigAiéE]) Path}, U{m}. Then by Lemma5.1 we havdl}, 74 (i) =, o

forall0 <i< Aii}(ﬂ), thusM/, s =, EG="a. From the inductive assumption we obtain

Pathi] < Y [Pathy| +1< (k+1) - fi() + 1= fu(BG="a).
0<i<Ay(

We deal with the subcase Afﬁff) > k in a similar way.

In the final case of\/;, s =, EaU="3 there exists a path;, € Pathy and0 < j < A%,ﬁ") such
that My, 71.(j) o B and My, (i) =, « forall 0 < i < j. From the inductive assumption there
exists a submodel/] satisfying My, 7(j) v B and|Pathy| < fi(8), and submodeld/; such that
M, m(i) k= aforall0 < i < jand|Pathj| < fi(e). DefineM; such thatPath), = U<« ; Pathju
{m}. Then, by Lemma 5.1 we hav¥}, 7. (i) =, o forall 0 < i < j, and M}, 7(j) = 8. As from
the latter followsh}, s =, EaU<"3 and

|Pathi| < Y |Pathi| + [Pathi| + 1 < j - fr(e) + fr(8) + 1
0<i<j

<k frla) + fu(B) + 1 = fu(BaU="p),
we conclude the proof of this case and of the lemma. O



