15 OPEN CHANNEL FLOW

y varies along the channel, the flow is not fully developed. Thus, the

ince the depth i i
and sinc k 1e channel in nonuniform flow.

velocity varies along tl

15.3 THE IMPORTANCE OF THE FROUDE NUMBER

An open channel flow may be steady or unsteady, laminar cm_El.E_NE. .M:a‘: may in-
volve any liquid. For example, if you topple a can of So.ﬁoq,o_ on a sloped pavement,
sheet of oil will flow downhill and create a laminar, unconfined open channel ?:_(.. On
the other hand, the flow in a river is a turbulent, confined open channel flow. Either of
these flows may be steady or unsteady depending on the circumstances.

The important parameters governing an open nv._muno_ flow are _.n<nm_nm_ by a di-
mensional analysis. The DA of open channel flow Unm_.nw by recognizing that for agiven
channel geometry, the important factors are the mm:,EQ p_:a.E.n.nOm_S.\ of ::.w fluid, the
speed of the flow V, gravity. a length scale L, and surface tension a. After a dimensional
analysis has been performed, the dimensionless parameters are found to be the Reynolds
number Re = pV L/u, the Froude number Fr= V/\/gL. and the Weber number
We = pV2L/a.

Consider first the role of surface tension in open channel flow. The Weber numbel
may be thought of as the ratio of flow kinetic energy pV?L* to the surface energy o/ °
associated with the surface tension. With the exception of a thin sheet of liquid flowing
downhill, as in the case of spilled motor oil mentioned carlier, the Weber numbers of
open channel flows are very large. For example, for water at 60°F flowing at I fUs in a
river with a hydraulic radius of 20 ft we find:

_ (1,938 slugs/ft*)(1.00 ft/s)*(20.0 f1)

<u
PV Ry _ = 7710
o 5.03 x 107 Iby/ft

Thus the surface energy is negligible in comparison to the flow kinetic energy, and we
can safely ignore surface tension effects in large-scale open channel flows.

The value of the Reynolds number is important in predicting whether an open chan-
nel flow is laminar or turbulent. In most cases of interest, Re
mcé,mm turbulent. As a rule of thumb, an open channel flow m
nar for Re based on hydraulic radius of less than 500 and turb
Using the data just given for the river, Re is found to be

PV Ry _ (1938 slugs/fcd)(1 fi/s) (20 f) 17 % 10°
- @ @ @ @@ - = .

7l 2.344 % 1075 (Ibg-s)/M12 x
MEMG well into the :.:.w:_ns_ nos range. Observation suggests that a flow in a culve
_uwo ﬂosma.o_ .n:m:_:m_ is u_‘mo likely to be turbulent. As will be discussed in more det

e% the trictional forces in large Re open channel flows are found to depend primart'y

onthe roughness of the channel walls; they are nearly independent of Re. Thus, Reynolds
number is not as important in open

channel flow as in ther fi have studied.
The Fri i : s in other flows you have s B
open nrmnzm_:Mo ::3@2 PYOVES Lo be the single significant dimensionless parameter 0
ow. Using the river dagy given earlier, the Froude number is calculated &

Vv _ 1 fi/s 0.04
== 'll"'l.l = v
VEeRy (32.2 ft/52) (20 )

We

is relatively large and (
ay be assumed to be |
ulent if Re exceeds 12,500

km.x =

Fr=
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As will be explained further in the next section, this vyl
subcritical flow. Critical flow oceurs at Fr = | a
value of the Froude number is implicated in
channel flow, including flow over
surface, the response of the flow 10 a change in ch
known as hydraul jump. This will be demonstrated i
Sections 15.3.1 through 15.3.4. We be
nel flow to a bump or depression i1
is subcritical or supercritical.

ue corresponds 1o what is ¢
. and supereritic |
anumber of g
abump or depression. the behavior

' waves on a free

the phenomenon
r discussion of these

- TCsponse ot an op:
he bed of the channel depends on wh

13.3.1 Flow over a Bump or Depression

Consider steady open channel flow in a horizontal rectangul
has a bump in the channel bed. To focus solely on g
we will ignore friction. The gec
scribe the flow over a bump are shown i
tion x along the chann
bitrarily chosen datum elevation is given by h(x). The ¢

the effects ¢

described by = = h(x). and the free surface is given by :

the bump at station x; in the horizontal section, the depth of the stre:

height is z; = h(x)). the uniform velocity is V. and \ \
downstream station located at v, the depth of the stream is v(x), the bed height is

2 = h(x), the uniform velocity 1s V(x). and the Now areais A1) = viv)w. Our goal i
to predict the depth. knowing the shape of the channel bed
Thus the problem is to find the fur
flow conditions known.

Applying a steady flow mass balance g
we have M = pVi A, = pV(x)A(x). which after substituting for the flow areas and
dividing by the density gives Q = Viyiw = V() v, Thus we can write

| the upstream co

mon

V(x) Yiv (15:4)
! vix)

Qure 15,17 (A) Flow over a bump. (B) Flow overa depression
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SOLUTION

gN CHANNEL FLOW

:no Eq. 15.13 between a point upstream where (pe
c_w_q..n_ww —wwvﬁ_w __ =m=aﬁ_<_. and a point downstream where the vejoc.
p i it

We can solve this pro . -
Vi, wp, and yz a8 shown in Figure 15.18. Writing Eq. 15,5
€ V2, , 9,

velocity, width, and de
ity, width, and depth ar

se points gives
between these po R

2 v2
X VINULL 4y, = \m|_ +n
2¢ L yaw2 8

n the cubic equation
2
(7P L I
M.%l +n|+ 2g w2
have <w — y3[1.062 ft] + 0.1104 ft = 0, which can be
Z0.286 1, 0.412 ft, and 0.936 ft. The negative root
hysical grounds. Next we calculate the downstream
de numbers for each of the positive roots. For

Multiplying by y3 and rearranging we obtai

(8%

After inserting the data, we !
solved to obtain the three solutions:
can be immediately discarded on p
velocities and corresponding Frou
y, = 0.412 ft we find:

|
b Y _ @RSUDE 0 _ o |
2T T 0412 1)(3 ) |
|
and
V. 6.47 fifs .
Nuﬁm = 2 = 1.14
&N

For y, = 0.936 ft we find: I
Viyiwy _ 2fus)(1 fy@ fty .

= T 096mGHn
and
|
.85 ft/ :
F = Va _ 2.85 ft/s = 0.50
/81 (32.2 ft/s2) (1 fu)
Calculating the upstream Froude number, we find
V 2 fi/:
Fri= L 5 =0.352

Ve /G221

hence the flow is subcritical. Since the depth of a subcritical for flow must decrease in a

contraction, the correct depth downstream of the contraction is 0.936 ft and the corre-
sponding flow speed is 2.85 fu/s.

-

1

(A)

Figure 15.19 The moving end wall with (A) a fixed reference frame and (B)

o]
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It is clear that the behavior of a flow through a channel of varying width is similar
in many respects to the flow over a bump or depression. Both involve a change in flow
area. If we compare the corresponding equations for the depth slope in flow through an
open channel of varying width as given by Eq. 15.14,

dy  (VI/gw)(dw/dx)
dx 1 — Fr

with the corresponding result for the depth slope in flow over a bump or depression,
Eq. 15.9a,

dy —dh/dx
dx 1 - Fr?

we see that a contraction (dw/dx < 0) is similar in its effect on depth slope to a bump

(dh/dx > 0), and an expansion (dw/dx > 0) is similar in effect to a depression

(dh/dx < 0). In both types of flow, knowing the value of the Froude number allows

us to make a qualitative prediction of the change in depth and behavior of the free

surface.

15.3.3 Propagation of Surface Waves

The behavior of surtace waves in open channel flow is also governed by the value of the
local Froude number. We can demonstrate this important result by considering a hori-
zontal rectangular channel of width. w. filled with liquid at rest to a uniform depth, y. A
vertical wall at the left end of this channel is suddenly given a small constant velocity
Vivi to the right, creating a surface wave of height Ay that propagates down the channel
as shown in Figure 15.19A. Note that the depth of the liquid behind the wave is v + Ay
and that the wave propagates at a constant speed ¢. The fluid ahead of the wave is at rest,
and the fluid behind the wave must be all moving to the right at speed Vi as shown in
Figure 15.19A. It you are wondering about this last statement, think about how the moy

ing wall is pushing the liquid to the right. Since the liquid cannot be compressed, and the
depth behind the wave is uniform, the liquid between the wall and the wave front must
be moving to the right at the same speed as the wall.

- —r

-
I

’ (B)

moving reference frame.
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jon and predict the relationships he.

; of wave motion ar’
e . and h oer hysical paramelersof e probln,
rween wave speed € éuew%hm_mao: g the channel, E.M M__..UHMM analipzs this insieady :oh,__,,
Gince the wave is E%szuornn_ to the n:.w::nmu ww: e wave as shown in Figure 15,19
a fixed reference fram frame that is moving with 1ty 1t {5 ineetial, Tn the. figyigs
we can use @ Rmoa:nmﬁuan is moving at constant ve ,MM <w..a.oa e righfiaf specd.c pzm
. 4 nce fri > % tion e

Since this ,Mwnﬂnﬁm to be approaching the Hw:_m Qw_wwcmz the wave. Thus the uniform ve-
frame liquid ap eft after pa ave is u = —ci and on the down-

1

: d ¢ — Vw o thel tionary w ) o
ﬂoﬁ:m“hmﬂ: the upstream m_%.n Omm__.arhfw_ﬂmm“_ Figure 15.19B. The flow is steady in this
ocl _m.m

stream side itisu = —(c—Vw
frame.
Applying a steady flow
we obtain —pcAin + b?ll ;
seen lo be given by Ain = WY

We wish to ana

in Figure 15.198

control volume shown in i

s g nlet and outlet flow areas can be
). Thus the mass balance can be

:M.ww}es — 0, where the i

and Aout = Ecu + Dv_

| )= 15.15
= —pey + ple =V + Ay)=0 (15.15)
d
and we can solve for the wave speed to fin
Vw(y + 8Y) gy

c= Ay
y is unknown, so this single equation is not sufficient to

At this point, the wave height A ly we can use Eq. 15.16 to write

determine the wave speed. Alternate
eay (15.17)
T y+oy

Vw

i 1G alance in
We can obtain a second equation by mnu._w_:m a steady wosc,w,,.uﬂm_dhmunw,___m”r: "
the x direction to the control volume shown in mﬁ...:d. _m.._o_w. r i i
on the bed surface and assume that the pressure distributions cn rxm :...M e 5o B
faces are hydrostatic. The resulting surface forces can En:.ﬂsw._annbm_:\w: o
—wy(pa + pgy/2)i on the inlet flow area, w(y .+ Ay){pa + r&.. ,w m.~ simospherlc
outlet flow area, and a contribution —pqwAyi mB.E the free surface
pressure. The momentum balance in the x direction is

pctwy — p(c — V) w(y + Ay)

Py +BY) | Ay
uls\éf+%a+sc+bﬁ pa+ 2 paAway

We can write the flux term at the outlet as
—p(c — _\EVMSQ + Ay) = —pw(c — Vw)[(c — Vw)(y + Ay))

) by cv
then use the mass balance, Eq. 15.15, to replace the term in the square brackets Y
getting

=ple = Vwlw(y + Ay) = —pwey(c — Vi)

4

o
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Thus the two flux terms give

Plifying the three surface force terms, we

mentum balance is

pwce

YV = wAy T,G. + tu.w.,g

pCctwy — pwey(ec — Vi) = pweyVy . Adding and sim-

obtain WAY(pgy + pgAy/2): thus the mo-

)

Solving for the wave speed we have

Equations 15.16 and 15.18 can now be use
height Ay that describe the wave produced when a wall moves

The moving wall concept was introduced at the beginnine
the easiest way to visualize a w 1 |
dispense with the moving wall. That is, we can now simply
propagating at some wave speed ¢, with a wave height Ay, W
wave moving in the same direction at s
isolated wave. Thus, using Eq. 15.17: Vi = cAy (v+ Ay),
Eq. 15.18. we find that the wave speed obeys the equation:

._ BAy Ay
C=——|1+ — (15.18)

Vi 2y

d to determine the wave speed ¢ and wave
at velocity vy

"our analysis as simply
At this point we ¢

ave propagating along a free surt:

¢ a solitary wave

¢ liquid behind the
1alysis holds for this

o e

*ed Viy. The precedir

nate Vy from

Ay Ay
c= Jev|l+=—=|]1+22 (15.19)
\ 2y 3
This equation applies to a wave moving in either direction. Equation 15.19 shows t
wave speed increases as the wave height, Ay, increases. Also, by Eq. 15.17, a wave

eling at speed ¢ in statior

Iy water causes the water o move at a speed

Viv = cAy/(v + Ay) in the direction of wave propagation.

It the amplitude of a wave
fies to

We see that a small amplitude wave travels at a speed that is dete

is sutticiently small, i.e.. Av/v < |, Eq. 15.19 simpli-

¢= 8Y (15.20)

1ed by the water

depth in which it is propagating. In water of uniform depth, a small amplitude
wave propagates at a constant speed, and since the wave speed does not depend on Ay,

the wave travels without change of shape. Introducing the sm:

tion Ay/y < 1 into Eq. 15.17

tion of propagation of Vy = ¢

The speed of a finite amplitude wave is al-
ways greater than c= Vv ay. This is easily
Seen by comparing Egs. 15.19 and 15.20.
If you were using c= /gy to estimate the
time of arrival of a large amplitude tidal
Wave moving in shallow water, you might
not have allowed yourself enough time to
escape.

proximas-

shows that such a wave causes a veloc the direc-
Ay/y. The wave created in a still pond by tossing a
rock into the water is likely to satisty the small
amplitude assumption. Can you think of a way of
determining the water depth in pond or lake by observ-
ing the propagation of ripples?

We can also analyze a wave propagating on
the surface of a moving stream, i.e., a wave traveling in
an open channel flow. Consider first a wave traveling
upstream at speed ¢ in a stream moving at speed V.
This wave can be analyzed by making use of a change
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ater park. The machine works by
litude is 0.3 m. Find the wave

i i w
o a wave-making machine ata

igure 15.20 represent B v amp
”d_wﬁzm the wall into & pool 1.25 _” n_wn_.ﬂn e o
speed and velocity of the water behin
Vyy
. ; .
Figure _m..mc Schematic ol q
Example 15.4. | N
! T
/ |
.. |
i {.:. :
! -
i

SOLUTION

Inserting the data we obtain . -
9.81 m/s?)(1.25m)[1 +0.3 m/2(1.25 m)][! +03m/125m]=413mh

nd used Eq.

If we had incorrectly assumed that the wave is of small amplit .
(¢ = J&Y), we would have obtained ¢ = /gy = (9.8 m/s-) !0 . _w =35 :,._h,.. ,.f
checking the ratio of wave amplitude 10 depth,ie., Ay/y = 0.3 1 1.25m = 0.24, we
would have recognized that the small amplitude approximation i mvalid and hikely ©
produce erroncous results.

The speed of the water behind the wave, which is the same us the
be found by using Eq. 15.17 and the correct wave speed ¢ = 4.13 m/s. The result s

cAy (4.13 m/s)(0.3 m)
y+Ay  1.25m+03m

wall speed, can

Vi = = 0.80 m/s

EXAMPLE 15.5

Most of the waves we observe are generated by the action of the wind over the surluce
of the water. Tsunamis are waves generated by seismic activity such as earthquakes ¢ |
voleanoes, or by catastrophic events such as asteroids impacting in the ocean. A tsunant!
would seem quite harmless if observed on the open ocean, where its amplitude might b
as small as 10 cm. However these waves transmit a tremendous amount of energy. Whit
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is the wave speed of a tsunami traveling across the Pacific, where a typical depth is
4000 m? Compare this with the speed of a wave of the same amplitude in | m of water

SOLUTION
The wave is sketched in Figure 15.21A. Clearly the small amphitude approximation.
Eq. 15.20, is appropriate for the tsunami in the open ocean. Inserting the data. we hay
c= /gy = v (9.81 m/s?)(4000 m) = 198 mv/s
which is over 400 mph! When this wave approaches a coasthine, it will slow down be
cause the water is shallower, but its amplitude will grow because the energy flux, which
is a function of the speed and amplitude, is constant. Tsunamis are very destructive b
cause their amplitude can casily exceed several meters. Figure 15218 shows the effe
of a tsunami that struck Hawaii in 1960,
For a 10 cm amplitude wave in 1 m deep water, we can calculate the wave speed fron
Ay Ay 01m1T, 1
c=_/g) F == | + — = ! + — 1 4
\ 2y \ 2(lm) | | 1
= 3.37 m/s
Using the small amphtude approximation ¢ = /gy = /(9.81 m/s3)(1 m) for ths
wave yields a wave speed of 3.13 m/s, which 1s in error by only about 7%
10 ¢m
v
v
.
| \
4000 m ] -
!
I
I
(A) _

Figure 15.21 (A) Schematic for Example 15.5. (B) Damage due 1o a tsunami that struck Hilo, Hawai, i |

g o

s usual

in the frame of reference attached to the channel. In Figure 15 228, however
changed to a frame of reference fixed to the undisturbed stream moving at &
this moving reference frame, the wave speed 1s now ¢ + V., and the water behind the
wave is moving in the direction of wave motion at speed V' — Vi The wave now looks
exactly like the preceding case of a wave propagating into stationary water. provided we
write Viy = V — Vg and recognize that the wave speed in the stationary w

of reference frame. Figure 15.22A shows the wave as seen by an observer fixed
* have
¢ he
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such as wavelength may come into playin determining wave speed. Forexample, o you
have scen al :F.rcn.._n:. waves break when they reach ,,.._E:.ws. water. Nevertheless, we
once again sce that the value of the Froude number is of paramount importance i,
_:nar.m:m the behavior of isolated surface waves and understanding the flow of infy;.
mation in open channel flow. . .

The hydraulic jump discussed in the next section can be thought ofas a special gy
ofa ,,.E?n.r. wave. However, its importance in open channel flow merits a separate treat-
ment and discussion. As you will learn. & hydraulic jump can oceur only when the figy,
is supercritical, that is, when the Froude number is greater than one.

15.3.4 Hydraulic Jump

In Section 135.3.3 we showed that if a flow is supereritical, disturbances cannot propagate
upstream. Thus if downstream conditions require that a supercritical flow become sub.
critical. a smooth transition is impossible, and the flow goes through a phenomenop
known as a hydraulic jump. In a hydraulic jump, the flow changes from supercritical 1o
subcritical in a relatively short distance, with an abrupt decrease in velocity. increase in
depth, and a substantial head loss. An example of a hydraulic jump on a dam spillway wqs
shown in Figure 15.3, but you can also creale a hydraulic jump yoursell by running water
from the kitchen faucet onto a flat or slightly sloped surface. As the flow moves radially
outward on the surface, a hydraulic jump will oceur if the flowrate is large enough. ’

The general characteristics of a hydraulic jump are shown in Figure 15.24. A hy-
draulic jump may occur on an inclined or horizontal bed, and in a channel of any shape.
For simplicity, we will assume a rectangular horizontal channel. Observations have de-
termined that the maximum length of a jump does not exceed seven downstream depths,
thus we will neglect the shear stress applied to the flow by the bed. Note, however, that
we are not assuming frictionless flow. In fact, our analysis must allow for a head loss due
to viscous dissipation in the jump. Although the turbulent velocity ficld in a hydraulic
jump is generally 3D, we can arrive at the important characteristics by assuming steady,
uniform flow, and applying a mass, momentum, and energy balance to the control vol-
ume as shown in Figure 15.24. )

A mass balance on this CV yields M = pQ = pA\V, = pAVa where Ay = wny
and As = wy,. Thus we can write

(15.24H

Figure 15.24 Control vol-
ume for the hydraulic jump.
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po2 :

and consider the ¢

. Ompop
on the inleg and c_”u:n.mz_ of

_ ﬂ\m ) L
_:u\_w i s”__ VIR g Vi
evaluate S term, o %,
cvalal p_n SUress terp, We wil| Lof _
ydrostatic ang given by AS8ume the 4
= v, N f ¢
respectively. The presyyre g -
net force applie A

d on this surf.
Surface
outlet terms, Oy the botoy Ce N the |

: . 1,
contributes no ne force in P
as explained earlier The

i N 3
Be bogy ¢ 0

Cein

ST (4,

Surface

=pndS + \

which yield [pguwivi 2y - PR3 /)4
tum balance u.._c_Lz ~pl u:, g ox .| L :,:.__u,. tems, we |
sult after rearraneing | RS a2

Vi) <

We can write an ene

i 1
e DU+ —-U- o=
cy o1 ¢ \ u: Ure:

= e'\ﬁ:sf; + W

i nput in this case, and
steady. Thus after the inlet and outlet surfaces of the CV have been ide

balance is given by

&

ol

On the inlet surface, the stre
pressure is p(yv) = py —
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